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Abstract 



We establish the global existence and uniqueness of classical solutions to the 
three-dimensional full compressible Navier-Stokes system with smooth initial data 
^ ' which are of small energy but possibly large oscillations where the initial density 

lO ! is allowed to vanish. Moreover, for the initial data, which may be discontinuous 

y^ • and contain vacuum states, we also obtain the global existence of weak solutions. 

These results generalize previous ones on classical and weak solutions for initial 
density being strictly away from vacuum, and are the first for global classical and 
r_^ I weak solutions which may have large oscillations and can contain vacuum states. 



m 






1 Introduction 

K> I The motion of compressible viscous, heat-conductive, Newtonian polytropic fluid 

C^ ■ occupying a spatial domain C M^ is governed by the following full compressible 

Navier-Stokes system: 

pt + div(pii) = 0, 

{pu)t + dw{pu 0u) - pAu - {p + A)V(divu) + VP = 0, (1.1) 

^ {pE)t + div{pEu + Pu) = A{k6 + ^p\u\'^) + pdiv{u • Vn) + Adiv(udivu). 

Here t > is time, x G i7 is the spatial coordinate, and p,u= (^u^,u^,u'^) ,e,P{p,e), 
and 9 represent respectively the fluid density, velocity, specific internal energy, pressure, 
and absolute temperature, and i? = e-|- gl^p is the specific total energy. The constant 
viscosity coefficients p and A satisfy the physical restrictions: 

p>0, 2p + 3X>0. (1.2) 

The equations (jl.ip then express respectively the conservation of mass, the balance of 
momentum, and the balance of energy under internal pressure, viscosity forces, and the 
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conduction of thermal energy. We study the ideal polytropic fluids so that P and e are 
given by the state equations: 

P{p,e) = {j-l)pe = Rpe, e= -, (f.3) 

7-1 

where 7 > 1 is the adiabatic constant, and R, k are both positive constants. 

Let r2 = M^ and p, 9 both be fixed positive constants. We look for the solutions, 
{p{x,t),u{x,t),0{x,t)), to the Cauchy problem for (jl.lh with the far field behavior: 

{p,u,9){x,t) ^ {p,0,6), as |x| — ;> 00, t > 0, (1.4) 

and initial data: 

{p, pu, pO){x, t = 0) = {po,poUo, PoOo){x), X e M^, (1.5) 

with po >0,0q> 0. Note here that for classical solutions, (jl.ip can be rewritten as 

' pt + div{pu) = 0, 

< p{ut + u ■ Vu) = pAu + {p + A)V(divu) - VP, (1.6) 

^ ::^p{et + u-Ve) = kA9 - Pdivu + X{dwu)^ + 2//|D(n)|2, 

where S(n) is the deformation tensor: 

Moreover, for classical solutions, we replace the initial condition (jl.Sp with 

{p,u,e){x,t = 0) = {po,uo,eo), xeM.''. (1.7) 

There is a lot of literature on the large time existence and behavior of solutions to 
(jl.ip . The one-dimensional problem with strictly positive initial density and temper- 
ature has been studied extensively by many people, see [Tl[l31[T5] and the references 
therein. For the multi-dimensional case, the local existence and uniqueness of classi- 
cal solutions are known in [19^122) in the absence of vacuum. Recently, for the case 
that the initial density need not be positive and may vanish in open sets, Cho-Kim [6] 
obtained the local existence and uniqueness of strong solutions. The global classical 
solutions were first obtained by Matsumura-Nishida [T5] for initial data close to a non- 
vacuum equilibrium in some Sobolev space H^. In particular, the theory requires that 
the solution has small oscillations from a uniform non-vacuum state so that the den- 
sity is strictly away from vacuum and the gradient of the density remains bounded 
uniformly in time. Later, Hoff [TO] studied the global weak solutions with strictly pos- 
itive initial density and temperature for discontinuous initial data. On the other hand, 
in the presence of vacuum, this issue becomes much more complicated. Concerning 
viscous compressible fluids in a barotropic regime, where the state of these fluids at 
each instant t > is completely determined by the density p = p{x, t) and the ve- 
locity u = u{x,t), the pressure P being an explicit function of the density, the major 
breakthrough is due to Lions liTj (see also Feireisl OE]), where he obtained global 
existence of weak solutions, defined as solutions with finite energy, when the pressure 
P{p) = ap^[a > 0,7 > 1) with suitably large 7. The main restriction on initial data 
is that the initial energy is finite, so that the density vanishes at far fields, or even 



has compact support. Recently, Huang-Li-Xin [T3] established the global existence and 
uniqueness of classical solutions to the Cauchy problem for the isentropic compressible 
Navier-Stokes equations in three-dimensional space with smooth initial data which are 
of small energy but possibly large oscillations; in particular, the initial density is al- 
lowed to vanish, even has compact support. This result can be regarded as uniqueness 
and regularity theory of Lions-Feireisl's weak solutions in [71[9l[T7] with small initial 
energy. 

However, the global well-posedness of classical solutions, even the global existence of 
weak solutions to (jl.ip remains completely open in the presence of vacuum. For specific 
pressure laws excluding the perfect gas equation of state, the question of existence of so- 
called "variational" solutions in dimension d > 2 has been recently addressed in [71|8], 
where the temperature equation is satisfied only as an inequality which justifies the 
notion of variational solutions. Let us emphasize that this work is the very first attempt 
towards the existence of weak solutions to the full compressible Navier-Stokes system 
for large initial data with vacuum. Recently, for a very particular form of the viscosity 
coefficients depending on the density, Bresch-Desjardins [3] obtained global stability of 
weak solutions. It is worth noting here that Xin |23j first established remarkable blow- 
up results, which show that in the case that the initial density has compact support, any 
smooth solution to the Cauchy problem of the full compressible Navier-Stokes system 
without heat conduction blows up in finite time. See also the recent generalizations 
to the cases for the full compressible Navier-Stokes system with heat conduction ( |14j) 
and for non-compact but rapidly decreasing at far field initial densities ( |21j). 

Motivated by our previous work on the isentropic compressible Navier-Stokes equa- 
tions [13], we try to look for the global existence of classical and weak solutions to 
the three-dimensional full compressible Navier-Stokes system (II. ip : in particular, the 
initial density is allowed to vanish. 

Before stating the main results, we explain the notations and conventions used 
throughout this paper. We denote 

fdx = / fdx. 



For 1 < p < oo and integer fc > 0, we adopt the simplified notations for the standard 
homogeneous and inhomogeneous Sobolev spaces as follows: 

[d1 = {u G L6 I \\Vu\\l2 < oo} , D^'P = {ue Ll^{M.^) \ \\Vu\\lp < oo} . 

Without loss of generality, we assume that p = = 1. We define the initial energy 
Co as follows: 

Co =:: / po\uo\'^dx + R / (pologpo - po + 1) dx 

fl 8) 
+ ——^ f Po {Oo - log^o -l)dx+ _ f po{9o - ifdx. 

Then the first main result in this paper can be stated as follows: 

Theorem 1.1 For given numbers M > (not necessarily small), q £ (3, 6), and p > 2, 
suppose that the initial data {po,uo,8o) satisfies 

Po-l€H^nW^''^, uoeH^, 9o-l£H^, (1.9) 



0< infpo <sup/9o <^, inf6'o>0, \\Vuo\\l2<M, (1.10) 

and the compatibility conditions: 

- fiAuo - (/i + A)Vdivno + RV{po9o) = ^gi, (1.11) 

kA9o + ||Vno + (Vuo)*'!^ + X{divuof = ^g2, (1.12) 

with gi,g2 G L'^- Then there exists a positive constant e depending only on fi, A, k, R, 
7, p, and M such that if 

Co < e, (1.13) 

the Cauchy problem lil.6\) |J.^D (fj.?] ) /las a unique global classical solution {p, u, 6) in 
M^ X (0, oo) satisfying 

< p{x, t) < 2p, 9{x, t) > 0, xeM.^,t> 0, (1.14) 

'p-leCi[0,T];H^nW^''^), {u,e-l) £C{[0,T];H'^), 
< u£L°°{T,T;H^nW^^'i), 9 - I e L°°{t,T;H^), (1.15) 

and the following large-time behavior: 

lim (||p(.,t) - 1\\lv + ||Vu(-,t)||L. + \\Ve{;t)\\Lr) = 0, (1.16) 

I— >oo 

mi/i any 

0<r<r<oo, pG(2,oo), rG[2,6). (1.17) 

The next result of this paper wih treat the weak solutions due to the fact that dis- 
continuous solutions are fundamental both in the physical theory of nonequilibrium 
thermodynamics as well as in the mathematical theory of inviscid models for compress- 
ible fluids. To begin with, we give the definition of weak solutions. 

Definition 1.1 We say that {p,u,E = ||np -|- t^O) is a weak solution to Cauchy 
problem ( fi. J|) (fi.^[ ) lll.5\) provided that 

p-1 eL£',([0,oo);L2nL~(]R3)), u,e-l € L'^{0,oo;H^{R^)), 

and that for all test functions ijj G D(M'^ x (— oo, oo)), 

Poi;{-,0)dx+ / {pi;t + pu-Vi')dxdt = 0, (1.18) 

]r3 Jo Jr^ 



pouiil){- ,Q)dx + / ipu^i^t + pu^u ■ VV' -I- P(p, 9)'ipxi) dxdt 

3 Jo ./r3 

/■OO r 

I I {pVu^ ■Vtl' + {p + A)(divM)V'x,) dxdt = 0, j = 1, 2, 3, 

Jo Jm.^ 



(1.19) 



1 /? 

z 7 ~ J^ 



/ / {pE'ipt + {pE + P)u-V'ip)dxdt (1.20) 

Jo JR3 

-/ / ( kV6' + -/xV(|n|^) + /i-u- Vn-F Andivu ) • VV-dxtit. 
Jo Jr3 V 2 J 



We also define 

f^f^ + u-Vf\ G = {2fi + X)dwu-R{p9-1), uj = Vxu, (1.21) 

which are the material derivative of /, the effective viscous flux, and the vorticity 
respectively. We now state our second main result as follows: 

Theorem 1.2 For given numbers M > (not necessarily small), and p > 2, there 
exists a positive constant e depending only on p, A, k, R, 7, p, and M such that if the 
initial data {pq,uo,9q) satisfies /il.lO\) and 

Co < e, (1.22) 

with Cq as in il.8\) . there is a global weak solution {p,u,E = gl^P H — ^^) io the 
Cauchy problem \1-1\) {1.4^ hi. 5) satisfying 

p-1 GC([0,oo);L2nLP), (p-u, pj-up, p(0 - 1)) G C7([0,oo); Z/"^), (1.23) 

uG C((0,oo);L2), 0-1 eC7((0,oo);T^^''^), (1.24) 

n(-,t), w(-,t), G(-,t), V0(-,t) G-H'\ t>0, (1.25) 

pG [0,2p] a.e., 6* > a.e., (1.26) 
and the following large-time behavior: 

lim (||p(-,t) - 1\\lv + ||n(-,t)||LPnL- + ||V0(-, t)||L.) = 0, (1.27) 

i— )-oo 

with any p, r as in (I1.17P . In addition, there exists some positive constant C depending 
only on p, A, n, R, 7, p, and M, such that, for a{t) = min{l, t}, the following estimates 
hold 

sup \\u\\ui + I \{pu)t + d\\{pu®u)\^ dxdt<C, (1-28) 

;(o,oo) Jo J 



te(o,oo) 



sup / [{p - if + p\u\^ + p{e - 1)2) dx 

tG(0,oo) . 



j-OO 

+ / [\Wu\\h + \W&\\l2)dt<CCl 
Jo 



,1/4 
'0 ' 



sup {a^\\Vu\\le+a^\\e-l\\]j2) 
te(o,oo) 

f-QO 

+ / {^^htWh + ^'l|Vtt|li2 + fT^ll^tllHi) dt < CCq/^ 
Jo 



(1.29) 



(1.30) 



'0 

Moreover, (p, n, 0) satisfies ([23)3 ^'^ ^/^e wea^ form, that is, for any test function ip G 
V{R^ X (-00,00)), 

po6'oV'(-, 0)(ix H / pOiipt + u- VV') dxdi 



7 - 1 y 7 - 1 7o 

= K / / V6I • Vipdxdt + R I / pOdYvwipdxdt (1.31) 

r'OO /■ 

(A(divn)2 + 2p|D(n)p) ipdxdt. 



The following Corollary 11.31 whose proof can be found in [131 Theorem 1.2], shows 
that we can obtain from ()1.16p the following large time behavior of the gradient of 
the density when vacuum states appear initially, which is completely in contrast to the 
classical theory ( 



Corollary 1.3 ( [13j) In addition to the conditions of Theorem \1.1\ assume further 
that there exists some point xq G M^ such that Po{xq) = 0. Then the unique global 
classical solution {p, u, 0) to the Cauchy problem U.0\) \l-4^ |J.?| j obtained in Theorem 
\1.1\ has to blow up as t —)• oo, in the sense that for any r > 3, 

lim ||Vp(-,t)||L. =cx). 
A few remarks are in order: 

Remark 1.1 It follows from U.15\) that, for any < r < T < cxd, 

{p - 1, Vp, u, 6-1) G C{W X [0,T]), (1.32) 

and 

Vu, V\ G C{[t, T];L^) n L°^{t, T; W^''^) ^ C{W x [r, T]), (1.33) 

which together with (|j.6]) r and M.3'^) gives 

pt£C(Wx[T,T]). (1.34) 

Similarly, we deduce from ( fi.i5|) that 

Ve, V^9e C{[t,T]; H^) n L'^{t,T; H^) ^ C{W x [t,T]), 

which combining with ll.32\) - ^1.34\ ) thus shows that the solution (p, u, 9) obtained in 
Theorem \1.1\ is in fact a classical one to the Cauchy problem hi. 0(1 (fJ.^D |J.7D in M^ x 
(0, oo). Although it has small energy, yet its oscillations could be arbitrarily large. In 
particular, initial vacuum states are allowed. 

Remark 1.2 Theorem \l.l\ is the first result concerning the global existence of classical 
solutions with vacuum to the full compressible Navier-Stokes system. Moreover, the 
conclusions in Theorem \l.l\ generalize the classical theory of Matsumura-Nishida ( fl^) 
to the case of large oscillations since in this case, the requirement of small energy, 
^.13\) . is equivalent to smallness of the mean-square norm of {po — l,no,^o — !)• In 
addition, the initial density is allowed to vanish and the initial temperature may be zero. 
However, although the large-time asymptotic behavior Iil.l6\) is similar to that in J 18^ . 
yet our solution may contain vacuum states, whose appearance leads to the large time 
blowup behavior stated in Corollary \1.3l this is in sharp contrast to that in fT8^ where 
the gradients of the density are suitably small uniformly for all time. 

Remark 1.3 It is worth noting that the conclusions in Theorem \1.1\ rely heavily on 
the positivity of both p and 9 in lil.4\ ) which prevents the density from being compactly 
supported or decaying for large values of the spatial variable x. Indeed, any smooth 
solution will blow up in finite time provided that it has compactly supported initial 
density ( J^[2^) or that it and its spatial derivatives decay fast enough for large values 
of the spatial variable x( f21\l). Therefore, it would be interesting to study the global 
existence and large time asymptotic behavior of solutions for the case that initial data 
decay slowly enough for large values of the spatial variable x. This is left for the future. 



Remark 1.4 It should be noted here that Theorem \l.<M s the first result concerning the 
global existence of weak solutions to il.l\) in the presence of vacuum and extends the 
global weak solutions of Hoff ( JJQj/) to the case of large oscillations and non-negative 
initial density. Moreover, the initial temperature is allowed to be zero. 

Remark 1.5 It follows from il.28\) and Sobolev's embedding theorem that u and 6 are 
in fact Holder continuous away from t = 0, that is, for any < r < oo, 

sup IIuIIloo + {u)^Ji^l^^^^) + sup II^IIloo + (^)i(^;):^^^) < oo, (1.35) 

tG[T,oo) tG[T,oo) 

where we employ the usual notation for Holder norms: 

I \i/2,i/8 \w{x,t)-w{y,s)\ 

{w)q = sup 



(x,t),(y,5)GQ \X - yP/2 + |i _ s|l/8 • 



for functions u; : Q C M^ ^ [g, oo) — > M™. 
Remark 1.6 Simple calculations yield that if 



sup 6*0(2;) < 6*, (1.36) 



we have 



f poiOo - l)'^dx < 2{e + 1) /" po (^0 - log^o - 1) dx, 
which implies Cq < Cq < {6 + 2)Co, where 

Co =- / po\uo\'^dx + R / (po log Po - /Oo + 'i^)dx 
-J / po(6'o-log6lo-l)(ia; 



R 

+ 



7 

is the usual initial energy. In other words, if we replace Cq with the usual initial energy 
Cq, the e in Theorems \1.1\ and \1.2\ will also depend on the upper bound of the initial 
temperature. 

Remark 1.7 Similar ideas can be applied to study the case on bounded domain. This 
will be reported in a forthcoming paper [77] /. 



We now comment on the analysis of this paper. Note that though the local existence 
and uniqueness of strong solutions to (jl.6p in the presence of vacuum was obtained 
by Cho-Kim ( [6]), the local existence of classical solutions with vacuum to (II. 6p still 
remains unknown. Some of the main new difficulties to obtain the classical solutions 
to ([LSI) dni) dLT} for initial data in the class satisfying (fL9]l - (frT2]) are due to the 
appearance of vacuum. Thus, we take the strategy that we first extend the standard 
local classical solutions with strictly positive initial density (see Lemma [2. ip globally in 
time just under the condition that the initial energy is suitably small (see Proposition 
5.ip . then let the lower bound of the initial density go to zero. To do so, one needs 
to establish global a priori estimates, which are independent of the lower bound of the 



density, on smooth solutions to (|1.6p (|1.4p (|1.7|) in suitable higher norms. It turns out 
that the key issue in this paper is to derive both the time-independent upper bound 
for the density and the time-dependent higher norm estimates of the smooth solution 
{p,u,6). Compared to the isentropic case ( yjjj), the first main difficulty lies in the 
fact that the basic energy estimate cannot yield directly the bounds on the L^-norm (in 
both time and space) of the spatial derivatives of both the velocity and the temperature 
since the super norm of the temperature is just assumed to satisfy the a priori bound 
(min{l, t})~^'^ (see (j3.6p ). which in fact could be arbitrarily large for small time. To 
overcome this difficulty, based on careful analysis on the basic energy estimate, we 
succeed in deriving a new estimate of the temperature which shows that the spatial 
L^-norm of the deviation of the temperature from its far field value can be bounded by 
the combination of the initial energy with the spatial L^-norm of the spatial derivatives 
of the temperature (see ()3.10p ). This estimate, which will play a crucial role in the 
analysis of this paper, together with elaborate analysis on the bounds of the energy, 
then yields the key energy-like estimate, provided that the initial energy is suitably 
small (see Lemma [3.3p . We remark that one of the key issues to obtain such an energy- 
like estimate lies in the positivity of the far field density, which excludes the case of 
compactly supported initial density. 

Next, the second main difficulty is to obtain the time-independent upper bound of 
the density. Based on careful initial layer analysis and making a full use of the structure 
of (jl.6p . we succeed in deriving the weighted spatial mean estimates of the material 
derivatives of both the velocity and the temperature, which are independent of the lower 
bound of density, provided that the initial energy is suitably small (see Lemmas 13.41 
and 13. 5p . This approach is motivated by the basic estimates of the material derivatives 
of both the velocity and the temperature, which are developed by Hoff ( ^iQ\) in the 
theory of weak solutions with strictly positive initial density. Having all these estimates 
at hand, we are able to obtain the desired estimates of L^{0, min{l, T}; L°°(M^))-norm 
and the time-independent ones of L^(min{l, T}, T; L°°(M^))-norm of both the effective 
viscous flux (see (jl.2ip for the definition) and the deviation of the temperature from 
its far field value. It follows from these key estimates and a Gronwall-type inequality 
(see Lemma [2. 5 p that we are able to obtain a time- uniform upper bound of the density 
which is crucial for global estimates of classical solutions. This approach to estimate a 
uniform upper bound for the density is new compared to our previous analysis on the 
isentropic compressible Navier-Stokes equations in [13] . 

Then, the third main step is to bound the gradients of the density, the velocity, and 
the temperature. Motivated by our recent studies ( [12]) on the blow-up criteria of 
strong (or classical) solutions to the barotropic compressible Navier-Stokes equations, 
such bounds can be obtained by solving a logarithm Gronwall inequality based on 
a Beale-Kato-Majda-type inequality (see Lemma 12. 6p and the a priori estimates we 
have just derived. Moreover, such a derivation simultaneously yields the bound for 
L^'^(0, T; L°°(M^))-norm of the gradient of the velocity(see Lemma l4. II and its proof). 
It should be noted here that we do not require smallness of the gradient of the initial 
density which prevents the appearance of vacuum ( [18]). 

Finally, with these a priori estimates of the gradients of the solutions at hand, one 
can obtain the desired higher order estimates by careful initial layer analysis on the time 
derivatives and then the spatial ones of the density, the velocity and the temperature. 
It should be emphasized here that all these a priori estimates are independent of the 
lower bound of the density. Therefore, we can build proper approximate solutions with 
strictly positive initial density then take appropriate limits by letting the lower bound 



of the initial density go to zero. The limiting functions having exactly the desired 
properties are shown to be the global classical solutions to the Cauchy problem (jl.6p 
(II. 4p ()1.7p . In addition, the initial density is allowed to vanish. We can also establish 
the global weak solutions almost the same way as we established the classical one with 
a new modified approximating initial data. 

The rest of the paper is organized as follows: In Section 2, we collect some elementary 
facts and inequalities which will be needed in later analysis. Section 3 is devoted 
to deriving the lower-order a priori estimates on classical solutions which are needed 
to extend the local solution to all time. Based on the previous results, higher-order 
estimates are established in Section 4. Then finally, the main results. Theorems 11.11 
and 11.21 are proved in Section 5. 

2 Preliminaries 

The following well-known local existence theory, where the initial density is strictly 
away from vacuum, can be shown by the standard contraction mapping argument (see 
for example |18yi9|. in particular, [181 Theorem 5.2]). 

Lemma 2.1 Assume that {pq,uq,9q) satisfies 

ipo-l,uo,eo-l)£H^ infpo(a^)>0. (2.1) 

Then there exist a small tim,e Tg > and a unique classical solution {p, u, 9) to the 
Cauchy problem HTE) (T^j [LTD on R^ x (0, Tq] such that 

inf p(x,t) > - inf pn(x), (2.2) 



and 



Up-l,u,e-l)eC{%n];H^), />tGC([0,To];F2), 
\{uuet)^C{%n];H^), {u,9-l)£L\0,To;H^), 

\aut,a9t) e L2(0,ro;F3), {auu,a9u) G L^{0,To;H^), 



(2.3) 



(2.4) 



where a{t) = min{l,t}. Moreover, for any (x,t) G M^ x [0, Tq], the following estimate 
holds 

9(x,t)> ini 9o(x)exi>\-h-l) ||divn||Loodt I , (2.5) 

xeM3 t Jo J 

provided inf 9q(x) > 0. 

Proof. We only have to show ()2.4p and (j2.5p . which are not given in [18, Theorem 
5.2]. 

Without loss of generality, assume that Tq < 1. We first prove (j2.4p i . Differentiating 
()1.6p 9 with respect to t leads to 

putt + PtUt + Ptu ■ Vu + put ■Vu + pu- Vut + VPf ^^ ^^ 

[2.0) 
= jj-Aut -|- (^ + A)VdivMt. 



This shows that tut satisfies 

(p{tut)t - f^A{tut) - (^ + A)Vdiv(tuj) = Fi, 
\{tut){x,0)=0, 

where 

Fi = put — tptUt — tptu ■ Vu — tput • Vu — tpu ■ Vut — RtV{ptO + pOt) 

satisfies Fi e L'^{Q,To;L'^) due to <^^. It thus follows from ([O]), (g^]), and standard 
L^-theory for parabolic system ()2.7p that 

(tnt)i,V2(ttXi)GL2(0,ro;L2). (2.8) 

Similarly, we differentiate (jl.6P '^ with respect to t to get 

-^^^M. + pOu 

= -ptOt -pt{u-V9 + {j- l)edwu) -p{u-V9 + {j- l)0divn)^ (2.9) 

+ ^(A(divu)2 + 2^3(^)1'),, 

which implies that tOt satisfies 



(Rp{tet)t - k(7 - l)A{tet) = RF2 

\{tet){x,o) = o, 



(2.10) 



with 



F2 =p9t - tptOt - tpt (n • Ve + (7 - l)ediwu) 

-tp{u-Ve + {^- l)0divu)j + ^^t {X{dwuf + 2^|2)(u)|2)^ . 

One derives from ([23]) that F2 £ L^{0,To; L^), which together with ([23]), ([l^]), and 
standard L^-theory for parabolic system (|2.10p implies 

{tet)t,V\tet)£L\o,To;L^). (2.11) 

It thus follows from ([231), 1^8^, and (l2Tni that 

F^,F2GL\o,To;H^), 

which together with (USD, (^2^, 1^1^, and (IZTOD gives (ITiD i. 

Next, we prove (|2.4p 9. Differentiating (j2.6p with respect to t gives 



/outjt + /o-u • Vuft - ^Autt - (/i + A)Vdivnti 

= 2div{pu)utt + div(pn)iUi - 2{pu)t ■ Vut - {puu + 2ptUt) ■ Vu (2-12) 

-putt -Vu- VPtt- 



This together with (j2.4p i and ()2.3p implies that t'^utt satisfies 

ip(t^utt)t - pA{t^utt) -{p + \)Vdw{t^utt) = F3, 
[(tVt)(x,0)=0, 



(2.13) 
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where 

F3 =2tputt - t^pu ■ Vutt + 2t'^div{pu)utt + t'^div{pu)tut 

- 2t^{pu)t ■ Vut - t^ipttu + 2ptut) ■ Vu - t^putt ■ Vu - t^VPa, 

satisfies F3 G L'^{0,To; L"^) due to 1^ and ^^1. It follows from ^2^, 1^, ([23Di, 
and standard L^-estimate for ()2.13p that 

{t\u)t,V\t\u) e L\0, To; l2). (2.15) 

Similarly, differentiating (j2.9p with respect to t yields 

pettt + pu ■ V0U - ^^^~^^ Mtt 

= 2d\^{pu)9tt - Ptt {9t + u-Ve+{-f- l)9dwu) 

- 2pt (n • Ve + (7 - l)ed\Yu)^ (2.16) 

- p {utt ■ ve + 2ut ■ vet + (7 - i){ediYu)u) 

+ ^(A(divn)2 + 2/.|D(n)|2)^^. 
We thus obtain from ([23]) 1, ([23]), and (l2J6]l that t'^Ou satisfies 

iRp{t%t)t - ^^{l - l)A{t%t) = RFa, 
\(t20it)(x,O)=O, 

with 

F4 =2tpett - t^pu ■ V0tt + 2t^d\Y{pu)ett - t^Ptt (^i + u • V0 + (7 - l)^divu) 

)^ - t^putt ■ Ve - 2t^put ■ VOt 



(2.17) 



2t'^pt (li • V6' + (7 - l)6ldivn)^ - t'^puu ■ VO - 2t^put ■ V6t 



- (7 - l)t^p{edivu)u + ^^t" {\{d\Nuf + 2^|D(u)|2)^^ . 

It thus follows from (12:3]) and ({2^ 1 that F4 G L2(0,To; L^), which together with ([22]), 
(fO]) . ([23]) 1, and standard L^-estimate for ([217]) gives that 

{t'eu)uyHt'ett) G l2(o, Tq; l^). (2.18) 

One thus obtain ([23])2 directly from ([13]), ([23]) i, (|2J5]) . and ([2J8]) . 

Finally, we will show the lower bound of 9, (|2.5p . by maximum principle. In fact, it 
follows from ([L6J3 and p^ that 

pgt + pn • Vg - ^'^^ ~ -* Ag + (7 - l)pedwu > 0, 6*^1 as |x| ^ 00, (2.19) 

where we have used 

2//|S(k)|2 + A(divn)^ > 0. (2.20) 

By (|2.3p . we have 

/■To 

/ ||divn||ioo(it < 00, 

which together with the standard maximum principle thus gives (|2.5p . The proof of 
Lemma l2.1l is completed. 

Next, the following well-known Gagliardo-Nirenberg-Sobolev-type inequality will be 
used later frequently (see [20]). 
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Lemma 2.2 For p E (l,oo) and q G (3,cxd), there exists some generic constant C > 
which may depend on p and q such that for f G D^(R'^), g G L*'(M^) n L'-'^'''(IR^), and 
ip,ip £ H'^{R^), we have 

Il6 < C\\Vf\\L2, (2.21) 



H2<CM\H2\mH2. (2.23) 



Then, the following inequality is an easy consequence of (j2.2ip and will be used 
frequently later. 

Lemma 2.3 Let the function g{x) defined in M^ be non-negative and satisfy g{-) — 1 G 
L^(M'^). Then there exists a universal positive constant C such that for r G [1,2] and 
any open set S C M^, the following estimate holds 

j^ \fYdx <C j^ g\fYdx + C\\g- l\\t^$I^\\V fWh^^,), (2.24) 

/ora///G{/GZ)i(M3)|5|/|-ELi(S)}. 

Proof. In fact, Sobolev's inequality, ()2.2ip . yields that 

2 / \f\'dx < 2 / g\f\^dx + 2 f \g- l\\f\^dx 

<2l^g\f\^dx + 2\\g-lU2^^s^\\f\\f-^^^/^^^^^ 



< 2 J g\f\^dx + J l/rdx + C\\g - l||g";;l/'||V/| 



which implies (|2.24p directly. 

Next, it follows from (|1.6p 9 that G,uj defined in (|1.2ip satisfy 

AG = div(pn), fiAuj = Vx{pu). (2.25) 

Applying the standard L^-estimate to the elliptic systems (j2.25p together with (j2.2ip 
yields the following elementary estimates (see |131 Lemma 2.3]). 

Lemma 2.4 Let {p,u,9) be a smooth solution of il.6\} il-4\ )- Then there exists a 
generic positive constant C depending only on fi, A, and R such that, for any p G [2, 6], 

llVnlliP < Ci\\G\\LP + II^IIlp) + C\\pe - 1\\lp, (2.26) 

||VG||lp + IIVwIIlp < C\\pu\\lp, (2.27) 

\\GUp + Mlp < C\\pu\\fr'^^^'^^ i\\Vuh2 + \\pe- lh2f-^^/^'^^ , (2.28) 

WVuUp < C\\Vn\\%~^^/^'^^ {\\puU2 + \\pe- l||^6)(3^-^)/(^^) . (2.29) 

Next, the following Gronwall-type inequality will be used to get the uniform (in time) 
upper bound of the density p. 



12 



Lemma 2.5 Let the function y G W^'^{0,T) satisfy 

y'{t) + ay{t) < g{t) on [0, T], y(0) = y°, (2.30) 

where a is a positive constant and g G i^^(0, Ti) n L'^{Ti,T) for some p > l,q > 1, and 
Ti G [0,r]. Then 

sup y(t) < |y°| + (1 + a"^) (||s'||lp(o,Ti) + [[^[^^(Ti.t)) ■ (2-31) 

0<t<T 

Proof. Let p' and g' denote the conjugate numbers of p and q respectively. Multi- 
plying (j2.30p by e"* and integrating the resulting inequality over (0, t) yield that 

e"*y(t) < y° + / e"'5(s)ds 
Jo 

/■min{t,Ti} /-t 

</+/ eng{s)\ds+ eng{s)\ds (2.32) 

JO Jmm{t,Ti} ^ ' 

^ L,0| I II ^11 ||„os|| I II ^11 ii^asM 

^ |y I + ll5'llLP(0,min{i,Ti})l|e |li^p'(o,j) + 11511 L9{mm{t,Ti},i) II ^ |lLq'(o,i) 

< |y°l + (lbllLp(o,Ti) + ll5llLnTi,T)) (1 + a"^)e"*, 
where in the last inequality we have used the following simple fact: 

||„«s|| ^ /I I „— l\„at 

||e ||ir(o,t) < (1 + a je , 

for all r G [1 , oo] . We thus derive (I2.3ip directly from (j2.32p and finish the proof of 
Lemma 12. 5i 

Finally, we state the following Beale-Kato-Majda-type inequality whose proof can 
be found in [2l[T2] and will be used later to estimate ||Vu||loo and ||V/9||/^2nL6. 

Lemma 2.6 ( [2^/12] ) For 3 < q < oo, there is a constant C{q) such that the following 
estimate holds for all Vn G L'^{R^) D D^^i{R^) : 

l|Vn||i«=(K3) < C (||divn||i«=(K3) + ||V x n||ioo(K3)) log(e + \\V^u\\l<,(js,3)) 
+ C||Vn||i2m3) + C. 



3 A priori estimates (I): Lower-order estimates 

In this section, we will establish a priori bounds for the smooth, local-in-time solution 
to (|1.6p (|1.4p (|1.7p obtained in Lemma [2?TJ We thus fix a smooth solution {p,u,6) of 
(fLHD (fLJD (fTzp on M^ x (0,T] for some time T > 0, with initial data {po,uo,6o) 
satisfying (j2.ip . 

For a{t) = min{l,t}, we define Ai{T)(i = !,••• ,4) as follows: 

^i(r) = sup ||Vn||^2 + / / p\u\'^dxdt, (3.1) 

te[o,r] Jo J 

A2(r) = — A— sup fp{9-lfdx+[ {\\Vu\\l, + \\V9\\l,)dt, (3.2) 

^17 - J-j tefo.Tl J Jo 
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A3(r) = sup (a\\Vu\\l2+a^p\u\'^dx + cr'^\\Ve\\l2] 

t.(o.T]V J J ^3 3^ 

+ / / (ap\u\'^ + a'^\Vu\'^ + a'^p{e)'^] dxdt, 

Ai{T)= sup a^ [ p\e\'^dx+ [ f a^\Ve\^dxdt. (3.4) 

We have the following key a priori estimates on {p,u,9). 

Proposition 3.1 For given numbers M > (not necessarily small), and p > 2, assume 
that {po,uo,9o) satisfies 

< inf po{x) < sup po{x) < p, inf 9o{x) > 0, ||Vno||L2 < M. (3.5) 

xgrs xeR3 xeM.3 

Then there exist positive constants K and £q both depending only on p, A, k, R, 7, p, and 
M such that if (/?, u, 6) is a smooth solution of l[1.6\) |J.-^[ ) |J.7| ) on M^ x (0, T] satisfying 

0<p<2p, Ai{a{T))<3K, Ai{T) < 2Cq^ ^^'^ (i = 2,3,4), (3.6) 

the following estimates hold 

0<p<3p/2, Ai{a{T))<2K, Ai{T) < C]^^^'^ (i = 2,3,4), (3.7) 

provided 

Co < eo. (3.8) 

Proof. Proposition 13.11 is an easy consequence of the following Lemmas 13.21 13. 3|, and 
[3:6H3:8l with eq as in (fXTOT]l . 

In this section, we let C denote some generic positive constant depending only on 
p, A, K, R, 7, p, and M, and we write C{a) to emphasize that C may depend on a. 

The following elementary L^ bounds are crucial for deriving the desired estimate on 
A2{T) (see Lemma [3^31 below) . 

Lemma 3.1 Under the conditions of Proposition [X7| there exists a positive constant 
C = C{p) depending only on p, A, k, R, 7, and p such that if{p, u, 9) is a smooth solution 
of ( tJ.6]) {1-4^ ( (j.7| ) on M^ X (0, T] satisfying < p < 2p, the following estimates hold 

sup f {p\u\'^ + {p-lf)dx<C{p)Co, (3.9) 

<t<T J 

\\{9 - 1){-Ml^ < Cip)Cl^' + C{p)Cl^'\\V9{.,t)\\L^, (3.10) 



o<i<r 
and 



for alltG (0,r]. 

Proof First, it follows from ([33]) and ([23]) that, for all {x,t) e R^ x (0,r), 

9{x,t)>0. (3.11) 
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2 i"^ 1 - a 



e-\oge-i = {e-if f " , 

Jo a{p - 1) + 1 

> he - i)i(e(,i)>2) + ^{0 - i)'i(e(.,t)<3), 



where we denote 

{e{-,t) > 2) ^ {x G M^l e{x, t) > 2} , (0(-, t) < 3) = {x G R^j 0(x, t) < 3} 
Integrating (j3.12p with respect to t over (0, T) yields that 

sup / [-p\u\^ + R{l + p\ogp- p) + -p{e-\oge-l)]dx 

o<t<Tj \2, 7-1 / 

+ / / ( -(A(divn)2 + 2^|D(u)|2) + A.^ j dxdt < Co, 
which together with (H^O]), ([3TTD . (l3llD . and (l3T3|) leads to 

sup / {p\u\ +(/>—!) ) dx 
o<i<r J 

+ sup /(p(0-l)l(e(.,t)>2)+p(e-l)2l(e(.,t)<3))(ix<C(/))Co. 

0<t<T J 



Adding p.bp o multiplied by u to (HSDa multiplied by 1 — ^, we obtain after integrating 
the resulting equality over M.^ and using (jl.6P i that 

Jt I (^'^''''^ ^ ^^^ + plogp - p) + -^p{0 -log9- 1) j dx 

= J [-p\vu\^ - (A + ^)(divn)2 - Ke-'\ve\^ ^^ ^^^ 

+(1 - e-^){X{dwuf + 2/i|2)(n)p)] dx 

{e-\x{dwuf + 2/u|s)(u)|2) + Ke-^\ve\^) dx, 

where in the second equality we have used 

2 / |S)(u)|2dx = / (|Vn|2 + (divuf) dx. (3.13) 

Direct calculations yield that 



plogp-p+l = {p-l) J^ ^^p_^^^^ da 

^{p^Vf_ f\^_^^^^ (3.14) 

P Jo 

= Up-i)\ 

2p 



(3.15) 



(3.16) 



(3.17) 



This fact gives (13. 9|) directly. 

Next, we shall prove (I3.10p . Taking g{x) = p{x,t),f{x) = 9{x,t) — 1, r = 2 and 
S = {e{-,t) < 3) in (HJH), we conclude after using i^J7\i that 

ll^(-,i)-l||L2W.,i)<3)<C7(p)C^o^' + C(/^)Co'/=^||V0(-,t)|U2(K3). (3.18) 
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Similarly, taking g{x) = p{x,t),f{x) = e{x,t) - 1, r = 1 and S = {9{-,t) > 2) in (IXMD . 
we obtain after using (j3.17p that 

which together with Holder's inequality and (j2.2ip leads to 

Pi-^i) - l|lL2(6»(-,t)>2) 
< l|6'(-,t) - l|lii(0(.^t)>2)ll^(-,O - 1|Il6(k3) 

< c{-p) {c'J' + cl/'\\ve{;t)\\%') \M{.,t)\\%' ^^'^^^ 
<cip)c'J' + c{p)c'J'\\vei;t)\\L2. 

Because of M^ = (6i(.^ t) < 3) y {e{-,t) > 2), the combination of (fXTH]) with I^JU\i yields 
(|3.10p directly. We finish the proof of Lemma 13.11 

Next, the following lemma will give an estimate on the term Ai{a{T)). 

Lemma 3.2 Under the conditions of Proposition \3.1[ there exist positive constants 
K > M + 1 and ei < 1 both depending only on p, A, k, R, 7, p, and M such that if 
(yO, n, 6) is a smooth solution of /il.6\) (L^ ( [j.7| j on M^ x (0, T] satisfying 

0<p<2p, A2ia{T)) < 2Cl^\ (3.20) 

the following estimate holds 

Ai{a{T)) < 2K, (3.21) 

provided Ai{a{T)) < 3K and Cq < ei. 

Proof. First, multiplying (jl.Sp ? by 2uj, integrating the resulting equality over M^, 
we obtain after integration by parts that 

— / (//|Vup + (/i + A)(divu)^) dx+ p\ut\'^dx 
< -2 / VP • utdx + p\u- Vupdx 
= 2R— / {pO - l)divudx - 2 / Ptdivudx + p\u ■ Vu\'^dx (3.22) 

/ PtGdx + p\u- Vnpdx, 

2p + X J J 

where in the last equality, we have used 

due to (frmi . 

Next, assume that Co < 1. It follows from Holder's inequality, (|3.20p . (j2.2ip . and 
that for pG [2,6], 

\\pe-l\\Lr, = \\p{e-l) + ip-l)\\L, 

< Me - i)\\f-^^^^'^^\\pie - i)f^r^)/(^^) + \\p- lu. (3.24) 

< C(/j)Cj''-^)/(''^)||Ve||5^(r'^/('^) +C(p)C7o'/^ 
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which together with (|2.29|) yields 

||Vn||i6 < C{p) {\\p^/^u\\l^ + \We\\L2 + Cq/^) . (3.25) 

Noticing that (II. 6p implies 

Pt = - div(Pn) - (7 - l)Pdivn + (7 - l)nM 
+ (7-l)(A(div^.)2 + 2H2)(tx)|2), 

we obtain after integration by parts and using dSJO]), dMIJ, (H^T]), dS^S]), (l3:2i]l . and 
(13:91) that 

PtGdx 

< C I P{\G\\Vu\ + \u\\VG\)dx+ I {\Ve\\VG\ + \Vu\^\G\)dx 

<C f p{\G\\Vu\ + \u\\VG\)dx + C f p\9 - l\{\G\\Vu\ + \u\\VG\)dx 

+ C\\VG\\L2\\Ve\\L2 + C\\VG\\L2\\Vu\\%^\\Vu\\]^e^ 

< C{p){\\yu\\L2 + \\pe-lU2)\\Vuh2+C\\pu\\L4VGh2 (3-27) 

+ cmp{o-m]!2\\'^e\\'/2\\vGh2\\Vu\\L2 + c\\vGh2\\ve\\L2 

+ C{p)\\VGh2 \\Vu\\f (||pn||^/2 + IIV^II^// + Cl^'') 

< C{6, p)Cl^^ + C{p, 5)\\Vu\\l, + 6\\VG\\l, + C{p, 5)\\Ve\\L2 \\Vu\\l, 

< C{p)6\\p'^'m2+C{6,p) {\\V9\\l, + \\Vu\\l, + 1) +C(5,p-)||Vn||i,. 
Finally, it follows from H^m} and <^?I^ that 



(3.28) 



p\u ■ Vu\^dx 

< C{p)\\u\\j^e\\Vu\\L2\\Vu\\j;^6 

< Cip)\\Vu\\l, (\\pu\\l^ + \\veh2 + Co'/'' 

< 5||/>i/2t.||2, +C(p,5)||Vn||i. +C(p,5) (llVnIli. + \\V9\\l,) , 

where we have used 

llVull^a < ||Vu||^2 + ||Vn|||2. 

Substituting ()3.27p and ()3.28p into ()3.22p . choosing 5 suitably small, we get after inte- 
grating IK22\i over (0,c7(r)) and using (p30D that 

sup ||Vn||^2 + / / p\u\ dxdt 

0<t<a(T) Jo J 

<CM + C{p)Cl^^ + C{p)Cl^^ sup ||Vn||^2 (3.29) 

0<t<a{T) 



<K + C{p)Cq^^ sup ||Vn||^2, 

0<t<o-{T) 
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where K is defined by 

K = CM + C{p) + 1, (3.30) 

depending only on fj,, A, k, R, 7, p, and M. We thus finish the proof of (|3.21|) by choosing 
ei = min |l, {9C{p)K)^^^ . The proof of Lemma 13.21 is completed. 

Next, the following energy-like estimate of the local smooth solution will play a key 
role in obtaining further estimates. 

Lemma 3.3 Under the conditions of Proposition \3.1\ there exists a positive constant 
82 depending only on iJ,,X,K,R,j,p, and M such that if{p,u,9) is a smooth solution of 
( TTgl) (TTp (fTTl J on M^ X (0,r] satisfying JX^) with K as in Lemma\3^ the following 
estimate holds 

A2iT) < Co'/^ (3.31) 

provided Cq < £2- 

Proof. First, assume that Cq < 1. Multiplying ()1.6p 9 by u and integrating the 
resulting equality over M^ give 

Jt J (^'^''''^ + ^^^ + Plogp - p)] dx 
+ p. \Vu\'^dx + {p + X) / {divufdx 

<C{p){\\e-l\\L2 + \\p-l\\L2)\\Vu\\L2 

< c{p) (cl'^ + cl'^'wveWL^) \\Vu\\l2 

< c{-p)cl'^ + c{p)cl''' [\\ve\\l2 + WVuWl^) , 

where in the second inequality we have used (|3.9p and (|3.10p . 

Multiplying ([L6J3 hy 6 — 1 and integrating the resulting equality over R^ lead to 

R 



<C{p) f e\9 - l\\dwu\dx + C f \Vu\'^\e - l\dx. 



(3.32) 



(3.33) 



For the first term on the righthand side of (|3.33p . we have 

\9 — l||divti|(ix 
< he-lf\dwu\dx+ \9 - l\\divu\dx 

< c\\e - i\\]!,'\\e - i\\%^\\Vu\\l2 + c\\9 - i\\l4^u\\l2 (3,34^ 



+ c{p)(^cl^^ + c'J'\\ve\\L2)\\vuh2 

< C{-p,M)Cl/^ + C(p,M)Co'/' (llV^lli, + llV^lli.) , 
where we have used ()2.2ip . ()3.10p . ()3.6p . and the following simple fact: 

sup ||Vn||i2 < ^i(a(r)) +^3(T) < C{p,M), (3.35) 

t€[0,T] 
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due to (|3.6p . For the second one on the righthand side of (|3.33p . m hght of (|3.1Up . 
(|2:2TD . (I229D, dSSSD, and dMD, we have 



I \Vu\^\e - l\dx 



< C\\9 - l\\]f,^\\9 - l||^/'||Vn||i2||Vu||i6 



(3.36) 



Substituting (IH:M|1 and (pIHUD into (IH:H5|1 leads to 

R 



<C{-p,M)[6 + Cl/') (||V^||i. + ||V^||i.) (3.37) 

+ Cip,M,5)Cl/'(\\p'/Mh + l] 



"^ ^ ^^ 'u\'' + R{l + p\ogp-p) + —^—-p{9-lf]dx 



The combination of (|3.32p with (j3.37p yields 

dtj (2^'- ' ^-^ ' '^'"^^ - ' 2(7-1) 

+ p I iVupdx +{p + X) I {cWvufdx + K \V9\^dx 

< Cip,M) (6 + Cl^') {\\V9\\l2 + \\Vu\\l,) 



(3.38) 



+ C{p,M,6)C'JU\\p'/'u\\l, + l 



■-0 \\\f' "llL2 

We assume that 



Co<el = minjl, {{AC{p,M))-^ mm{p, k})H . 

Choosing 5 < (4C(/0, M))^^ min{/i, k} and integrating (j3.38p over (0, cr(r)), we obtain 
after using (|3.6p that 



sup / (p\u\' + ip- If + ,^T^MO - If) 
0<t<a{T) J \ 2(7-1) J 

+ / (II Vnllia + IIV^II^^) dt < C{p, M)Cl'\ 
Jo 



(3.39) 



Next, applying the standard L -estimate to the following elliptic problem 
fKA9 = ^p9 + i^p^divn - A(divn)2 - 2^|D(n)|2, 



7- 
1 as |x| —7- 00, 



gives 



(3.40) 



iV^^llia < C (\\p9\\l^ + ||Vu||i4 + pVuWl^ 

< C{-p) {\\Ve\\l, + llVnIli.) (\\p'/^u\\l. + \\V9\\l, + 1) (3.41) 

+ c^(ii/'^iii2 + iivniii4), 
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where we have used 

f\Vu\^dx 
< C\\e - 1\\14Vu\\l2\\Vu\\l6 + C\\Vu\\l2 (3-42) 

< c{p) {\\ve\\l, + \\vu\\l,) (\\p"^u\\h + Iiv^|li2 + 1' 

due to (I2:2T]1 and ([325]). Note that (f3:25]l and dSSD give 

sup (j\\Vu\\l6 < C{p)Cq^^^. (3.43) 

0<t<T 

This combining with ()3.4ip and ()3.6p leads to 

sup (J^\\v^e\\l2 

0<t<T 

<C{p) sup a^{\\V9\\l2 + \\Vu\\l2) sup a^ hp^^^Wl^ + \\V9\\l2 + l) 

o<t<T o<t<T ^ (3 44) 



+ C sup [(T\\pO\\i2 + i(j\\Vu\\L2)i(T\\Vu\\L6] 
0<t<T ^ 

< C{p)C'J', 
which together with ([221]), (1222]), and ([M]) yields that 

sup £7^116* - 1||loo < sup <7^ (||V6i||i2 + ||V^6'||^2) 

0<t<T 0<t<T 

< C(p)Co^/^^ < 1/2, 



(3.45) 



provided Co < £2 — niinjl, {2C{p)) ^^] . We assume that Co < min{e2,e2}- ^^ follows 
from ([OS]) that, for ah {x,t) G M^ x [cr(r),T], 

1/2 < 61(2;, t) < 3/2, (3.46) 

which as well as ([2:20]) and ([3J3]l - ([3l^ gives 

sup / (p\u\^ + {p- If + ,^T^Me - l?^ dx 

a(T)<t<TJ V 2(7-1) J 

+ I (llVnll^^ + ||V0||^2) dt < C{p)Co. 

Ja(T) 



(3.47) 



r{T) 

Finally, the combination of (13.390 with (13.470 yields 



sup f(p\u\' + {p-if + -^-^^p{e-if)dx 

o<t<TJ V 2(7-1) J 



T 



+ / (||Vu||?2 + ||V0||?2)dt 



< max|c(p)Co,C(p,M)Co/H < C}^'^ 



provided 



Co < 82 = uim[eiel{C{p))-'/MC{p,M)y} . 

20 



The proof of Lemma 13.31 is completed. 

Next, to estimate As{T), we first establish the following Lemmas 13.41 and 13.51 con- 
cerning some elementary estimates on u and 9 for the case that the density may contain 
vacuum states. This approach is motivated by the basic estimates on ii and 9 developed 
by Hoff [lOj when the density is strictly away from vacuum. The estimate of A^iT) will 
be postponed to Lemma IXHl 



Lemma 3.4 In addition to the conditions of Proposition [Ol assume that Cq < 1. Let 
{p, u, 9) he a smooth solution of ( fj.6]] |J.^[ j (fJ.Tp on M^ x (0, T] satisfying h3.&^) with K 
as in Lemma \3.SX Then there exist positive constants C and Ci both depending only on 
;U, A, K, R, 7, p, and M such that, for any (3 G (0, 1], the following estimates hold 



(3.48) 



(3.49) 



{aBi)'{t) + ^j C7p\u\''dx 

< CCy^a' + 2/3^2 ||^i/2^||2^ ^ ^^-1 (||V0||2, + llV^llia) + Ca2||Vu||i4, 
and 

(a^fp\u\^dx) +^ fa'\Vu\'dx 

< 2a f p\u\'^dx + Cia^\\p^/^\\l2 + C {\\V9\\l2 + W^uWl^) + Ca'^\\Vu\\\,, 

where 

Bi{t) = p\\Vu\\l2 + (A + ^)||divn||^2 +2R f dwu{p9 - l)dx. (3.50) 

Proof. Multiplying (jl.Gp ? by ait and integrating the resulting equality over R^ lead 

/ crp\u\ dx = {—ail ■ VP + paAu ■ ii + {X + p)a'Vdivu • u)dx 

3 (3.51) 



to 



A 
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Using (|1.6|) i ■ we get after integration by parts that, for any /3 E (0, 1], 

Ml = - ail- VPdx 

= / a {Pdivu)^dx + / a {—Ptdivu + Pdiv{u -Vu)) dx 

= a (Pdivn)j dx — R crdivn ipO — pu ■ \/9 + 9pt I dx 

+ / aPu ■ Vdivudx + / aPdiU^ djU^dx 

= / o" (PdivM)j dx + R crdivM (/ou • V6' + 9u ■ Vp + ^/odivu) dx 

+ / aPu ■ Vdivudx — R / crdivup^tix + / aPdiU^djU^dx 

■' J J (3,52) 

= R{ j (T{p9 — l)dwudx I — i?cr' / (/96' — l)divudx — R adivupOdx 
+ / aPdiU^djU^dx 



yj u, i^j I 



< ii( a{p9 - l)dwudxj + Ca'\\Vu\\L2\\pe - 1\\l2 
+ C7(p)ct|| Vn||i2 ||p^/^^||l2 + C{p)a f 9\Vu\'^dx 

< R ( f a{p9 - l)dwudxj + C7(p)C7q/V' + ^a'^Wp'^^'^eW 

+ C{p)5\\p'^^u\\h+Cip,5,M)r' {\\Vu\\l, + llV^lli^) , 
where in the last inequahty we have used (|3.24|) and the following simple fact: 



|2 

Il2 



eivurdx 



< I \9-l\\Vu\^dx+ / iVuPdx 



^ r^iia 111 IIV7 i|3/2|iv7 iiV2 , IIV7 ii2 (3.53) 

< C||V0||i2||Vtx||5^/' {\\pu\\l^ + ||Ve||i2 + 1)1/2 ^ ||^^||2^ 
< '^ (l|Ve|li2 + 11/9^/2^1112) + C7(/5, 5, M)||Vn||i2 , 
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due to (|2.2ip . (|3.35p . and (|3.25p . Integration by parts gives 
^2 = / ^J-crAu ■ iidx 

= -| (^llV^llia), + f^a'\\Vu\\l, - f,a I diu^diiu''dku^)dx 
= -| (^l|V«||i2), + ^cr'\\Vu\\l2 -fia f d.iU^ diU^ d^uUx 



-\ — a / \V u\'^ diYudx 



(3.54) 



< --{a\\Vu\\l2)^ + C\\Vu\\l2 + C I a\Vu\^dx 

< -^ {aWVuWl^), + C\\Vu\\l2 + Ca'^\\Vu\\\,. 



2 V- II • -~nn-it 
Similar to (13.54p . we have 



Ms = — (a||divu||^2Jj H —cf HdivuH^a 

— (A + ^)a / divudiv(u • Vu)dx (3.55) 

< -^i^ {aWdivuWl^)^ + C\\Vu\\l2 + Ca^\\Vu\\i,. 

Substituting (|H32|1 . ([531) . and ([53^ into (fS^TD . we obtain (|H:I5|1 after choosing 5 
suitably small. 

It remains to prove (j3.49p . For m >0, operating a"^u^[d/dt + div(u-)] to (JI.6P 2 and 
integrating the resulting equality over R^, we obtain after integration by parts that 

C ; , . ,9 , \ III' m-li I t- |2 



p\u\'dx\ -:^a™"V' / p\u\'dx 

a'^ii^idjPt + div{djPu)]dx + fi f a'^u^iAul + div{uAu^)]dx 

(3.56) 



3 

A 



+ (A + ^) / a"^u^[dtdjdivu + div(n(9jdivu)](i3; 



1=1 
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(3.57) 



We get after integration by parts and using the equation (|1.6p i that 
Ni = - f a'^u^ldjPt + div{djPu)]dx 

= R I a'^djii^ (pe - pu-Ve-Ou-Vp- Opdivu) dx 

+ I a'^dkii^djPu^dx 
= R f a"'dju^ (p9 - 9pdivu\ dx + f a"" Pdwudivudx 

- I a'^Pdkii^djU^dx 
<| I a'^\Vu\'^dx + C{p)a'^(\\pd\\l2+ f e^\Vu\^dx\ 

< ^ f a'^\Vu\^dx + C{p)a'^\\p'/^9\\l2 
+ C{p,M) {\\Vu\\l, + \\V9\\l,) ((7"'\\p^/^u\\l2 + ^"'WVOWl, + l) , 
where in the last inequahty we have used ()3.42p . Integration by parts leads to 
N2 = p f a'^'ii^lAui + div{uAu^)]dx 

= -p f a"" (d.ii^diui + Au^u ■ ViiA dx 

= -p f a"" ('l Vu|2 - diu^u^dkdiu^ - diii^diU^dkU^ + An% • ViiA dx (3.58) 

<_Z^ f a^Viil'^dx + C f a'^lVul^dx. 



Similarly, we have 

7(^ + A) 



iVs < -l^il--:^ f a^'idwiifdx + C f a^'lVul^dx 

■^ -^ (3.59) 



where in the second inequality we have used /i + A > due to (ll.2p . 

Substituting p.57p - (|3.59p into (j3.56p yields that there exists some Ci depending 
only on p, A, k, R, 7, p, and M such that 

a"" f p\u\'^dx^ +^ f a"'\Vu\'^dx 

: ma"-V f p\u\^dx + Cia'^\\p^/H\\l2 + Ca'^WVuWl, (3-60) 

+ Cip, M) [\\Ve\\l, + \\Vu\\l,) (a"^||pi/2^||2, + a^llV^II^^ + l' 



Taking ?n, = 2 in (|3.60p together with (j3.6p gives p.49p directly. We thus finish the 
proof of Lemma 13.41 
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Lemma 3.5 In addition to the conditions of Proposition \'j.l[ assume that Cq < 1. 
Let {p, u, 9) be a smooth solution of /il.6\) |j.^[ j |j.?[ j on M'^ x (0, T] satisfying /i3.6\) 
with K as in Lemma \3.2l Then there exists a positive constant C depending only on 
H,X,K,R,'j,p, and M such that the following estimate holds 



(3.61) 



(aV)' (t) +(T^ f (/"|Vn|2 + pief') dx 
< C {\\Vu\\l2 + WVeWli) +2a f p\u\'^dx + Ca'^\\Vu\\l4, 
where (p{t) is defined by 

ip{t) ^ I /9|n|2(x, t)dx + (Ci + l)B2(t), (3.62) 

with Ci as in Lemma \3.4\ and 

B^it) = ^^^ (k\\V9\\12 - 2A hdivufedx - ^p j \'Z{u)\'^edx\ . (3.63) 

Proof. For ?7i > 0, multiplying ([L6])3 by a^O and integrating the resulting equality 
over M^ yield that 

|H^Pd- + ^(l|ve|li.). 

-Ka"^ I Ve ■ V(n • Ve)dx + Act" [{divufOdx 
+ 2 pa"" I \'i:){u)\^edx - Ra"' f p9dwu9dx 

4 



7-1 



(3.64) 



i=l 



First, it fohows from ([2:21]) and dM]) that 
Hi I < Ca"" [ \Vu\\Ve\^dx 



< Ca"'\\Vu\\L2\\ve\rA W'^ei,, 

— M \\n \\ w L^ II iiL" 

<6a"'\\V^e\\l2 + Cip,5,M)a"'\\Ve\\l2 (3-65) 

< C{p,6,M) {\\Ve\\l2 + WVuWl^) (^"llpi/^^lli^ +CT"^||V0||i2 + 1^ 
+ C{p)6a'^p^/^e\\l2 + C5CT"||Vn||^4, 
where in the last inequality we have used (|3.4ip . 
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Next, integration by parts yields that, for any r] £ (0, 1], 
/2 =Aa™ f {divufetdx + Act™ [{dwufu ■ VOdx 

=Act™ ( hdiYufedx] - 2Act"" / 0divndiv(n - u ■ Vu)dx 

+ Act'" [{divufu ■ Vedx 
=Act™ ( [{divufedxj - 2Act™ I Odivudivudx 

+ 2Act™ / 0divndiv(n • Vu)dx + Act™ j {dbrufu ■ VOdx 
=Act™ ( hdiYufedxj - 2Act™ f Odwudwiidx 

+ 2Act™ / ^divnaiu^aju'dx + Xa"' f u-V (^(divn)^) dx 
<A ( CT™ [{divufedx^ - Xma"'-^a' j {d^wufOdx 

+ ??CT™||Vu||22 + Cr?- V™ / e^lVnl^dx + ct™||V? 



'u\\\^ 



<A ( CT™ / {diYuyedx ) - AmCT™- v / {di-vuyedx 



(3.66) 



(3.67) 



+ C(p)r/-i (llVnlli^ + \\Vd\\l,) (a^^Wp'/^uWl, + CT™||V0||i2 + 1 

+ ??CT™||Vii||i2+CT™||Vn||^4, 

where in the last inequality we have used ()3.42p . 

Then, similar to (I3.66p . we have that, for any r] € (0, 1], 

h < 2^ ( f^" / \^{u)\'^edxj - 2fima"'-^a' I \^{u)\'^edx 

+ C{p)t]-' {\\Vu\\l, + llV^llia) (ct™||/>1/2^j||2^ + ^'"llVeilia + 1 
+ C7?CT™||Vn|||2 + CCT™||Vn||^4. 
Finally, it follows from (f3:i2]l that 

I/4I <c(p)ct™ f e'^\vu\^dx+ ,, ^ , CT™ f p\e\^dx 
J 4(7 - 1) y 

< C(p) (IIV^II^^ + IIVt/II^^) (ct^IIp^/^^II^^ + CT™||V0||22 + 1) (3.68) 

Substituting ([HIM]) - (13:68]) into (fOl) . we obtain after using dl^Q]), (IXTTT) . and choos- 
ing 6 suitably small that, for any r] G (0, 1], 

(CT™B2)'(t)+CT™ /"p(^)2dx 

< C{p, M)r' {\\Vu\\l, + \\Ve\\l,) (a^Wp'l^uWl, + CT™|| V^lli, + 1) (3-69) 

+ C7?CT™||Vtt||2 2 + CmCT™~V||V0|||2 + CCT™||Vn||^4, 
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(3.70) 



with i?2 as in (|3.63|) . For Ci as in Lemma ElU (see also (j3.6Up ). adding (|3.69|) multiplied 
by Ci + 1 to (j3.60p . we obtain after choosing rj suitably small that, for (p as in (j3.62p 
and for m > 0, 

(a™99)' (t) + a*" / (/u|Vn|2 + p{0f'^ dx 

< C{p,M) {\\Vu\\l, + \\V9\\l,) {a"'\\p''^u\\l2 + t'^WVOWI, + 1 

+ ma'a"^-^ I p\u\'^dx + C{p, M)ma™- V|| V^H^a 

+ C(p,M)a'"||Vu|||4. 

Taking m = 2 in (j3.70p together with (j3.6p gives ()3.6ip . The proof of Lemma 13.51 is 
completed. 

Next, we will use Lemmas 13.41 and 13.51 to obtain the following estimate on A^^iT). 

Lemma 3.6 Under the conditions of Proposition \3.1{ there exists a positive constant 
£3 depending only on p,X, k,,R,j, p, and M such that if{p,u,9) is a smooth solution of 
il.6\) il.4\ ) ( l-^-Tp on M.^ X (0, T] satisfying Ii3.6\) with K as in Lemma Ig.gj the following 
estimate holds 

AsiT) < Co'/^ (3.71) 

provided Co < £3. 

Proof First, assume that Co < 1. It follows from (ITMIl . (gSHD, ^iSB), dSHD, and 
(13:61) that 



(3.72) 



||Vu||^4 < C||C||^4 + C\\u\\l4 + C\\pe - 1||^4 

< c{p) {\\Vu\\l^ + 1) llpi/^lli, + c\\p{e - 1)11^4 + c\\p - 111^4 

< c{p,M)\\p'/\\\l, + c{p)M0 - mL4^d\\l + Clip - 111^4 

< C{p, M)\\p'/'u\\l, + C(p)||V0||i. + Clip - 111^4, 
which together with ()3.6p yields 

a||Vn||^4 <Cip,M)Cl^^'^\\p^/^u\\l2 + C{p)\\Ve\\l2+Ca\\p-l\\l,. (3.73) 

This fact combining with (I3.6ip gives that, for ip{t) as in (I3.62p . 



(<tV)' (t) + a^ (mIVuI^ + p(^)2) dx 

< C{p,M) {\\Vu\\l2 + llV^llia) + (c(p,M)Co/^^ + 2) a f p\u\^dx 
+ C{p,M)a^\\p-l\\% 

< Cip, M) {\\Vu\\l2 + llV^llia) + 3a / p\u\^dx + C(p, M)a'^\\p - 1||^4, 

provided Cq < e^^ = minjl, {C{p,M))-^^\ . 



(3.74) 
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Next, to estimate the second term on the righthand side of (|3.74|) . we substitute 
([3773D into ([OS]) to obtain that, for Bi{t) as in (|330]l . 

{aBi)'{t) + / ap\u\'^dx 

+ C{p,M)a^\\p-l\\%, 

provided Co < £3 — minjl, (2C(p, M))^^^} . From now on, we assume that Cq < 
min{4,e3} • It fohows from ([MlD, dSSSD, and (1333]) that 

^{t)>^lp\u\'dx+'^^^^\\Ve\\l,-C2{p,M)\\Vu\\l„ (3.76) 

which together with (j3.35p directly gives 

I p\u\\x,t)dx + \\Vei;t)\\l, < 2 ( ^^^^ ^^ + 1) v{t) + C{p,M). (3.77) 

For C2 as in JKTE^ . adding i!^l5\\ multiphed by 2(C2 +2p + l)/p to (l377l]) . we obtain 
after choosing /3 suitably small that 

-SsW + - / (<yp\u\^ + /ifT^lVttp + a'^p{ef\ dx 

< C{p,M)Cl'\' + C{p,M) {\\Ve\\l, + ||Vn||^2) + C{p,M)a^\\p -l\\\,, 
where 



(3.78) 



^ 2 , 2(^2 + 2^ + 1) 



B^it) = aV + V -Bi. (3.79) 



Note that (f330l) and (f3?24l) lead to 

B,{t) > f,\\Vu\\l, + (A + /.)||divn||i. - [!^\\Vu\\l,+Cip)\\p9 - l||i. 



>^\\^u\\l,-C{p)Cr, 



(3.80) 



which together with ()3.76p and (|3.79p gives 

i?3(i) >yI p\^\'^^ + ^^^^^'l|V^lli2 + c7\\Vu\\l, - C{p, M)Cy\ (3.81) 



(3.82) 



We claim that 

/ a'^Wp - iWi^dt < C{p, M)Cl^\ 
Jo 

which combining with (|3.78p . (|3.8ip . and (|3.6p yields 

As{T) < C{p, M)Cl'^ < Cl'\ (3.83) 

provided Cq < £3 = min{ei,e2, {C{p,M))~^'^] . 

Finally, it remains to prove (|3.82p . In fact, it follows from (jl.6P i and (|3.23p that 
p — 1 satisfies 

G RoiO 1) ^'-''^ 

= -^ . v(p -l)-ip- l)divu - -^ - ^P^^ ~l^ . 
' ' ^^ ' 2/i + A 2/x + A 
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Multiplying (|3.84|) by 4(p — 1)^ and integrating the resulting equality over R^, we obtain 
that 



-3 j {p - ifdbrudx - f {p - ifGdx 

J 2p + X J 



4i? 

' ip-ifpie-i)dx 



2/^ + A 7 (3.85) 

- 2^7?^"^ " ^"^^ + C{p)\\^u\\l, + Clip - l||i4||G||^//||VG||^// 
+ C(p)||/.-l||i4||p(0-l)||i//||Vef// 

- ^^TTa "^ " ^"'^^ + Cm'^^h + C{P, M) [\\p'/'u\\h + iiv^iii.) , 

where in the last inequality, we have used (|3.6p , ()3.35p , p.24p , (j2.27p , and p.9p . It thus 
follows from p.SSp that 



2/i + A (3 8g) 



< C{p, M) {\\p"^u\\l, + llV^lli^) + C(p)||Vn| 



L2- 



Multiplying ()3.86p by o"" with n > 1, integrating the resulting inequality over (0,T), 
we obtain by using p.9p and ()3.6p that 



T 

(t'^Wp - l\\\idt 



T 



< C{-p, M)A\'\t) j^ a--' (||p^/'n||i, + ||V0||i.) 



dt 

,a(T) 



(3.87) 



+ C{p)Cl'^ + C r ||/9-l||24dt 

JO 

r-T 

'0 

which together with p.6p directly gives ()3.82p . We thus complete the proof of Lemma 



<C{p,M)Cy^ + C{-p,M)Cl'^^ / a'^-^Wp^l^uWl.dt, 



We now proceed to derive a uniform (in time) upper bound for the density, which 
turns out to be the key to obtain all the higher order estimates and thus to extend the 
classical solution globally. 

Lemma 3.7 Under the conditions of Proposition COl there exists a positive constant 
£4 depending only on p,X, K,R,'y,p, and M such that if{p,u,9) is a smooth solution of 
il.6\) ( fj.^l ) ( [j.7| ) on M^ X (0, r] satisfying Ii3.6\) with K as in Lemma [KR the following 
estimate holds 

sup ||p(-,t)||L- <^, (3.88) 

provided Co < £4. 
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Proof. First, assume Cq < 1. Taking n = 1 in (|3.87|) as well as (|3.6|) yields 

rT 
'0 



/ a\\p-l\\l4dt<C{p,M). (3.89) 

Jo 



Choosing m = 1 in (|3.70p together with (|3.77p and (j3.73p yields that, for ip{t) as in 

dMlD, 

(aipYit) + a f (/i|Vup + pief^ dx 

< C{p,M) {\\Vu\\l, + \\Ve\\l,) (a^) + C{p, M) {\\Vu\\l, + HV^Hi^) 
+ C{p, M) I p\u\^dx + C{p, M)a\\p - 111^4, 

which combining with (|3.6p . (|3.89p . and Gronwall's inequality yields that 

sup aip{t) + / a (/u|Vn|2 + p{9f) dxdt < C{p,M). (3.90) 

0<t<a{T) Jo J ^ ^ 

The combination of ()3.77p with p.90p thus directly gives 

sup a\ \ p\u'^dx + ||V6'||^2 ) 
o<t<o-(r) V-' / 

/•O'er) r 
+ / a \ (I Vn|2 + p{df)dxdt < C{p, M). 

Next, it follows from dOTTl . dMO, (l373]l . (ISlBjl . and ([5:89]) that 
i-T 

JO 

< C{p, M) I {a\\pe\\l2 + \\p^''^u\\l2 + \Wu\\l2 + llVe/ll^a + a\\p - 1||^4) dt 
<C(p,M), 
which together with (|2:22D . dZHD, and dM]) gives 



(3.91) 



|l/2||™||l/2. 



11^ — l||ioo(it 



[■a{T) 

<C \\9-l\\'^e^\\\7e\\'^,^dt 

Jo 

< C r^^^ \\Ve\\'/^ {a\\VH\\l,f^' a-"Ut (3.92) 

Jo 

<C(/^,M)Co'/^^ 
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and 



a{T) 



l|||ocdi 



<c I \\ve\\L2\\v^e\\L2dt 

-(^) (3.93) 

T \ 1/2 / „^ \ 1/2 

<c\ I \\ve\\l2dt 



la(T) 

<C{p,M)Cl'\ 
Next, (I2:22]l . (H^ZI, dMO, and ([SSD lead to 

\\G\\L^dt 


< C / llVGIlK^llVGIiye^dt 

— / II IIL^ II IIL° 

JO 

a(T) 



) (£,«"^^«^-*) 



Jo 

< C{-p) r^^^ {aWpuh^f HpuWhY^' {aWVuWl^f a-'/'dt (3-94) 

Jo 

< C{p,M)Cl^'' r {aWVuWl^f'a-'/^'dt 

Jo 

, ( MT) \ ^1^ ( MT) \ ^1^ 

<Cip,M)Cl^^^ aWViiWl^dt] / a-^^^dt\ 

<C{-p,M)Cl"\ 



and 



I \\G\\loodt<C f ||VG||i2||VG||i6cit 

Ja{T) Ja{T) 

r 

^C{p) / 11^-^11^2 ||V'u||j;^2(ii 

Ja{T) 

< C{p) I (\\p^'^u\\l2 + llVnll^a) dt 

Ja{T) ^ ' 

< c{p)cl^'. 



a(T) (3.95) 

T 

.1/6 



Finally, denoting Dtp = pt + u- V p and expressing (|1.6|) i in terms of the Lagrangian 
coordinates, we obtain by p.23p that 

(2^ + A) A/0 = -Rp{p - 1) - V(^ -l)-pG 

< -R{p - 1) + C{p)\\e - lllioo + C{p)\\G\\l^, 



which gives 



Dt(.P - 1) + i^^iP - 1) < C{p)\\e - l|U^ + C{p)\\G\\l^. (3.96) 
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Taking 

y = p-l, « = Tr^> g{t) = C{p)\\9-l\\L^+C{p)\\G\\L^, n = a{T), 
2/i + A 

in Lemma [231 we thus deduce from ^M\) . ^M\) - i^M\\ . and (fOTT) that 

p< p+l + C (||5llLi(0,a(T)) + I|5'IIl2(<7{T),T)) 

<-p+l + Ci-p,M)c'J''<f, 
provided 



Co ^ £4 = iiiin 



^\2C{p,M)) 



48" 



We thus complete the proof of Lemma 13. 7[ 

Next, the following Lemma 13.81 will give an estimate on A4{T), which together with 
Lemmas 13. 2|, 13. 3|, 13.61 and 13.71 finishes the proof of Proposition 13.11 

Lemma 3.8 Under the conditions of Proposition \3.1[ there exists a positive constant 
Eq depending only on /i, A, k, i?,7, /), and M such that if{p,u,9) is a smooth solution of 
( fm) (fTTTP [T7J\ ) on R^ X (0,T] satisfying [3^) with K as in LemmalKM the following 
estimate holds 

A^iT) < Co'/^ (3.97) 

provided Cq < £o- 

Proof It follows from ([Ml]), ([HSD, W^ - and ([3:82]) that 

f 

Jo 

< Cip,M) I [a^WpOWl, + aWpiiWl, + \\Vu\\l, + \\V9\\l, + a^\\p -l\\\,^ dt ^^-^^^ 

<C{-p,M)Cl'\ 
Applying the operator dt + div(n-) to ([L6])3, we use (ll.6|) i to get 

^ pidtO + u-Ve 



a'^Wv'^ewl^dt 



7-1 

= kM + K {divuAe - a, {diu ■ V9) - diu ■ VdiO) 

+ (A(divn)2 + 2^|D(n)p) divu + RpOdkU^dm^ (3.99) 

— RpOdivu — RpOdwii + 2A ( divn — d^u diu ] divn 



+ p{diU^ + djU^) idiii^ + dju} — diU^dkU^ — djU^dki 
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Multiplying (|3.99|) by 0, we obtain after integration by parts that 

< c f \Vu\ (\v^e\\e\ + \ve\\ve\\dx + c{p) f \Vu\'^\9\ {\vu\ + \9 - 1\) dx 

+ cip) f (ivupi^i + p\e\'^\Vu\) dx + c f \Vu\p\e\dx 

+ c{p) f p\e-i\\vu\\e\dx + c{p) f \vu\\vu\\e\dx 
<c\\vu\\]!^^\\vu\\]fe^\\v^e\\L2\\ve\\L2 

+ C{p)\\^u\\L2\\Vu\\Le (||V«||i6 + \\Ve\\L2) \\V0\\l2 

+ C{p)\\^u\\'/,^\\Vu\\]!,'\\Ve\\L2 [\\Vu\\l2 + \\p9\\l^) 

+ cm^^L4pnL^ + c{mp'^\o-i)\\'/,'\\v9\\];,'\\Vu\\L4^e\\L2 

+ C{p)\\Vu\\]^2^\\Vu\\]^e\\Vu\\L2\\Ve\\L2. 

Multiplying p.lOOp by a'^ and integrating the resulting inequality over (0,t), we obtain 
after integration by parts and using ()3.43p . ()3.6p . (|3.24p . and ()3.98p that 

,, ^ ^y f p\6\^dx + K f a^VeWl^ds 
^(7-1) J Jo 

<C a^ p\e\'^dxds + C{p) / a^\\V^e\\L2\\S/e\\L2ds 

Jo J Jo 

+ C{p) [ a^\\Vu\\L2\\V9\\L2ds + C{p) I (7^\\Ve\\L2\\pe\\L2ds 
Jo Jo 

+ C{p) I a^\\Vu\\L2\\p^'^e\\L2ds + C{p) I a^\\Vu\\L2\\Ve\\L2ds 
Jo Jo 

< C{p) I (^a^\\V^e\\l2 + \\Vu\\l2 + a^\\p^^^e\\l2 + a^\\Vu\\l2) ds 



+ ^ f a4ve\\l2ds 

2 Jo 



<C{-p,M)Cl"'+'^j a4ve\\l2ds, 
which yields that 

sup a^ [ p\0\'^dx+ f a4ve\\l2ds<Cip,M)Cl^^ <q 
)<i<r J Jo 



0<t<T 

provided 

Co < £0 = min Ei, with eg = min |l, (C(p, M))~^^j . (3.101) 

l<i<5 L J 

We thus finish the proof of Lemma 13.81 with eo as in (j3.10ip . 

Finally, in the following Corollary 13.91 we summarize some estimates on {p, u, 6) 
which will be useful for higher order ones in the next section. 
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Corollary 3.9 In addition to the conditions of Proposition Wl\ assume that (po, uq,9q) 
satisfies \3. ^) with eg as in Proposition \3.1\ Then there exists a positive constant C 
depending only on p,, A, k, R, 7, p, and M such that if (p, u, 6) is a smooth solution of 
U.6\) \1.4^ ( fi.7| ) on M^ X (0, T] satisfying i fg.gj) with K as in Lemma [XE the following 
estimate holds 

sup (cT^||Vu|||6 + CT^||^- 111^2) 
te(o,r] 

T ^ (3.102) 

+ / f^'dlP - llli* + \\Vu\\\, + \\V9\\]j, + \\ut\\l2 + a''\\etfH,)dt < CCl^^. 
Jo 

Proof It follows from ([MD, ^Mi, (l3lTO . (I3:i3|) . (iOijl . dSZHD, (13321), and (IHlQSD 
that 



sup {a'^\\Vu\\le + a^\\e - l\\jj2] 
te(0,T] 



+ / ^^(l|Vn||^4 + liv^ii^i + Up - i\\l4)dt < ccl^ 

Jo 



which together with (j3.6p and ()2.24p gives that 



and 



f 

/ cr^||ui||^2dt 

Jo 

<C a^\\u\\l2dt + C a^\\u-Vu 
Jo Jo 

<C [ a"^ [ p\u\'^dxdt + C [ a^WViiWlidt 
Jo J Jo 



hdt 



rT 

+ C a^WuWlaWVuWladt 
Jo 



T 




a'^lMl^dt 



<C [ a^e\\l2dt + C [ a^u-V9\\l2dt 
Jo Jo 

<C I a^ [ p\e\'^dxdt + C I a^\\Ve\\l2dt 
Jo J Jo 

+ C [ a^\\u\\le\\V9\\l3dt 
Jo 

< CCl^^ + C [ \\Vu\\l2dt 
Jo 



< CCq^\ 



T 

a'^\\Vet\\l2dt 


T rT 



<C I a^Ve\\l2dt + C [ a^V{u-V9)\\l2dt 
Jo Jo 

I (7^ (||Vtx||^3 + ||n||ioo) IIV^ 
Jo 



< CCl^^ + C I a^ (l|Vw||^3 + ||n||ioo) \\V^e\\l2dt 



< ccl'^. 



(3.103) 



(3.104) 



(3.105) 



(3.106) 
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We thus obtain (|3.1U2I1 directly from (l3.1U3p - (|3.1U6p and finish the proof of Corollary 



4 A priori estimates (II): Higher-order estimates 

In this section, we will derive the higher order estimates of a smooth solution (p, u, 9) 
of dESI) dHD dHD on M^ X (0,r] with smooth (/jcUq, 6^0) satisfying ([H]) and (IX5|1 . 
Moreover, we shall always assume that {p, u, 9) and (/Oq, uq, 9q) satisfy respectively ()3.6p 
and (j3.8p . To proceed, we define gi and §2 as 

51 = Po^'^ (-/xAuo - (p + A)Vdivno + RV{po9o)) (4.1) 

and 

52 = Po'^^ (/^A^o + ||Vuo + (Vno)*f + A(divno)2) , (4.2) 

respectively. It thus follows from (jl.Op and (j3.5p that 

51 e L2, 52 G L'. (4.3) 

From now on, the generic constant C will depend only on 

^' II5iIIl2, I|52||l2, II^oIIhzi Wpq- MIh^hw^-i^ II^o-i||h2) 

besides p, A, k, R, 7, p, and M. 

We begin with the important estimates on the spatial gradient of the smooth solution 
{p,u,9). 

Lemma 4.1 The following estimates hold 

rT 



(4.4) 



(4.5) 



sup (\\p^/^u\\l2 + \\9 - 1\\hA + / p{9fdxdt 

0<t<T ^ ^ Jo J 

+ / {\\^u\\h + W^^Hh + l|divn||ioo + ||a;||ioo) dt < C, 
Jo 

sup (||/>- l||j:^in^yi,6 + ||n||/^2) + / \\\/u\\^^dt<C. 

0<t<T Jo 

Proof. We first prove (|4.4p . Taking ttt, = in (j3.70p gives that, for ip{t) as in (j3.62p . 

^'it)+ j [p\Vu\^ + p{9f^dx 

< C {WVuWl-, + \\V9\\l.,) {\\p^'^u\\l2 + \\y9\\l., + 1) + C\\Vu\\l2\\Vu\\1, 

^ ' (4.6) 

< C (llp^/^^llia + llV^ll^a) ^(t) + C (llp^/^nll^a + \V 9f^^ + C7, 
due to dSSD, (i3:25]l . and ([37771) . It follows from ([131)2, ([33D, and ([3T| that 

— 1/2 

lim^ ^/pu{x, t) = Pq {pAuo + {p + A)Vdivuo - KV{po9o)) = -gi, (4.7) 
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which together with dMSD, (I3S3D, (I333D, and (g^D yields that 



hm \ip{t)\ < C\\gi\\i2 + C < C. (4. 



sup 99(t) + I f f |Vn|2 + /5(^)2) dxdi < C, 

3<t<T Jo J ^ ^ 

CZZD and (I3J0]1 imphes 

sup (11^^/27211^2 + 110-111^:^1) + / [ (\Vu\'^ + p{ef)dxdt<C. (4.9) 



Gronwall's inequahty together with (|4.6p . (|4.8p . and (|3.6|) leads to 

0<t<T 

which as well as (|3.77p and (j3.10p implies 

(I|pl/2^||Z.2 + 110-111^0+ I 

0<t<T 
One thus deduces from I^Mi), <^IM^ (|37F2D . and ([M]) that 

/ \\V'^9\\l2dt<C + C Wp^/^Wl^dtKC, (4.10) 

Jo Jo 

which together with ([1311) . (E^ZD, dZHD, dMD, and ([MD gives 

(||divu|||oo + ||w|||oo) dt 

<C I (||G||ioo + \\pe - lllioo + ||a;||ioo) dt + C 
Jo 
t-T 
< C / (||G||i6 + llVGII^e + 11^ - lllioo + lli^llie + llV^llie) dt + C 

Jo 

<C I (IIVGIII2 + llpullle + llV^^llia + llVwIlia) dt + C 

Jo 

<C [ {\\pu\\l2 + \\V^0\\l2 + llVulli^) dt + C 
Jo 

<C. 

This fact combining with ()4.9p and ()4.10p yields ()4.4p directly. 

Next, we will prove the key estimate (14. Sp . For 2 < p < 6, |V/9|p satisfies 

{\Vp\P)t + div(|Vp|Pn) + (p - l)|Vp|Pdivn 

+ p\Vp\P-^{VpyVu(Vp) + pplVpl^-^Vp ■ Vdivu = 0. 

Thus, 

ai||V/5||LP < C(l + ||Vn||ioo)||V/>||LP + CllV^nlliP 

< C (1 + ||V20||i2 + ||Vu||loo) IIVpIIlp (4.11) 

+ C7(l + ||Vn||i2 + ||v20||i2), 
where we have used 

||V\||lp < C(||pn||LP + ||VP||Lp) 

< C(||pu||i2 + ||V'u|U2 + IIV^IIlp + ||0||l-||V/5||lp) (4.12) 

< C (1 + ||Vn||i2 + ||V2e||i2 + (||V20||i2 + 1)\\Vp\\lp) , 
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which comes from the standard L^-esthnate of the followmg elhptic system: 

fj.Au + {fj. + X)Vdivu = pii + VP, n -^ as |2;| -;> oo. (4-13) 

It follows from Lemma 12.61 and (j4.12p that 

llViillioo < C(||divu||Loo + ||w||ioo)log(e+ HV^nH^e) + C||Vn||i2 +C 

< Cdldiv-ullLcx) + ||w||Loo)log(e+ ||Vn||^2 + ||V^6'||^2) 

+ C (lldivnIlLoo + \\uj\\L^)log (e + (e + \\VMl^) W'^pWl^) + C (4.14) 

< Cdldiv-ullLoc + ||w||ioo)log(e+ ||Vn||i2 + \\V'^0\\l2) 
+ C (||divn||L^ + IIwIIl-) log (e + \\Vp\\l6) + C. 

Set 

(f{t)^e+\\Vphe, 

g{t) = 1 + (||divw||Loo + ||6j||loo) log(e + ||Vn||i2 + \\V^d\\L2) (4.15) 

+\\Vu\\L2 + \\v^e\\L2. 

The combination of ()4.14p with ()4.1ip . where we set p = 6, gives 

f\t) < Cg{t)f{t) + Cg{t)f{t) In f{t) + Cg{t), 

which yields 

(ln/(t))' < Cg{t) + Cg{t)\nf{t), (4.16) 

due to /(t) > 1. It thus follows from (|4.15p . (|4.16p . (fO]) . and Gronwall's inequality 
that 

sup f{t) < C, 

0<t<T 

which shows 

sup \\Vp\\Le<C. (4.17) 

0<t<T 

Therefore, we deduce from (|4.14p . (|4.17p . and ()i^ that 



T 







\Vuf/^dt < C. (4.18) 



Next, taking p = 2 in (|4.1ip . we get by using (j4.18p . (|4.4p and Gronwall's inequality 
that 

sup \\Vp\\l2<C, (4.19) 

0<t<T 

which together with ()4.4p and ()4.17p gives 

sup \\VP\\l2<C sup {\\V9h2 + {\\Vp\\L2 + \\9-lh4Vph-s)) 

0<t<T 0<t<T U 20) 

<c. 

This fact combining with (j4.12p and (|4.4p leads to 

sup ||V u\\]^2 < C sup (||p'u||j;^2 + ||VP||j;^2) 
0<t<T 0<t<T (4.21) 

<c. 

Hence, (03]) follows directly from ([SJ]), (H^H), ([OT]) . and (gUD. The proof of Lemma 
14. H is completed. 
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Lemma 4.2 The following estimates hold 



sup (11/0*11^1 + 11^ - i|Ih2 + \\p - M\m + \Mm) 

0<t<T 



'0 

Proof. First, it follows from (fT^ . g3]), ([13]), (I22SD, and p:^ that 



This fact combining with simple computations and (jl.6P i gives 

^llVVllia < C(l + ||Vn||Loo)||vVlli2 + C\\Vu\\]j2 



1- 



- lim y^6'(x,i) 

1 t-!>0+ 



(4.22) 



+ / {\\ut\\m + PtWm + Wputfm + \\pOt\\m) dt < C, 
Jo 

f {\\{put)t\\l-i + Upet)t\\l-i)dt<C. (4.23) 

Jo 



|Vn||/^2 < C (||divti||j:^2 + ||a;||j|^2) 

<C{\\G\\h2 + Mh2 + \\p9-1\\h^) 

<c + c\\v{pu)h2 + c\\{p-i){e-i)\\H2 

+ C||/)-l||j;^2 +C||6i-l||^2 (4.24) 

< C + C{\\Vp\\L3\\u\\Le + l|Vu||i2) + C\\p - 1\\h2\\0 - 1\\h2 

+ c\\v^p\\L2 + c\\v^e\\L2 
< c + C7(i + \\v^e\\L2)\\v^p\\L2 + c\\vu\\l2 + c\\v^e\\L2. 



< C{1 + llVnllioo + ||V'^|U2)||vVlli2 (^-2^) 

+ C\\Vu\\l2 + C\\V^9\\l2 + C, 

which, together with ()4.18p . (j4.4p . and Gronwall's inequality, gives directly 

sup ||VV||l2 < C. (4.26) 

o<t<r 

Next, it follows from ([MDa, dSSJ, and (jM]) that 
R 



y^/9ndiv7/,n + nr^/^ ^KA^n + ^IV7/,n + (Vv.n)^'\'^ -^ Ardiv7/,n^2\ (4.27) 



= -RpQ^'Oodivno + Po ^ (^A^o + ||Vuo + (Vuq) I + A(divuo) 

1/2 

= --R/Oq 6'odivMo + 52- 
Integrating (I3.in0p over (0,r) together with (|M|), (jM]), (lOKl) . and KT7\ leads to 

sup f p{efdx+ I \\ve\\l2dt 

0<t<T J Jo 

<c I (\\v^e\\l, + \\Vu\\l2 + ||p^/^^|li2 + llVnll^a) dt 

+ / l|Ve||i2dt + C(||eo-l|li6||Vno||i3 + ||Vno||i2)+C||52|li2 
^ JO 
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which shows 

fT 



sup [p{efdx+[ \\Ve\\l2dt<C. (4.28) 

<t<T J Jo 



0<t<T . 

One thus deduces from ([33ID, dOH]) . (ji3]) . and dO]) that 



sup ||V2^||i2 < C. (4.29) 

0<t<T 



It fohows from (g^D, ([13]), and (jOgj) that 

sup [ p {\ut\^ + ef) dx + [ {\\Vut\\l2 + WvetWl^) dt 

0<t<T J Jo 

< C sup p (\u\^ + {ef] dx + C sup p{\u-Vu\^ + \u-V9\^)dx 

0<t<T J ^ ' 0<t<T J 

+ c f (\\vu\\l2 + \\ve\\l2 + {\\vu\\l, + ii^iiioo) (liv^niiia + iiv^e 



dt 



(4.30) 



(4.31) 



<C, 
which together with ()4.4p and ()4.5p gives that 

r{\\V{put)\\l2 + \\V{p9t)\\l2)dt 
Jo 

<C f {\\Vut\\l2 + \\Vp\\U\ut\\le + WVOtWl^ + llVplliall^tllia) dt 

Jo 
<C. 

Next, one deduces from (jl.6P i and (|4.5p that 

WptWi^ < C\\u\\lo^\\Vp\\l2+C\\Vu\\l2 < C. (4.32) 

Applying V to (|1.6P i yields that 

Vpt + u'diVp + Vu'dip + Vpdivn + pVdwu = 0, 
which leads to 

\\Vpt\\L2 < C\\u\\l^\\V^p\\l2 + C\\Vu\\ls\\Vp\\l^ + C\\vMl^ < C, (4.33) 

due to (j4.5p . The combination of (j4.32p with (j4.33p implies 

sup \\pt\\m < C*! 

0<t<T 

which together with g3D, (026]), (03]), g^O]), (14311) . g^S]), and (l2:24]l gives (14221) . 
Finally, differentiating ([46])3 with respect to t yields that 

-^{p9t)t = -^^ipu-ve)t-R{pedivu)t + KAet ,^ ^^ 

7-1 7-1 (4.34) 

+ A((divn)2), + 2^(|D(n)|2)t. 
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It follows from i^^THlf that 



\\ipU-V0)t\\L2 

= \\ptu ■ ve + put -ve + pu- vet\\L2 

< c\\pt\\L4^o\\L3 + c\\ut\\L6\\ve\\L3 + c\\u\\Lo^\\vet\\L2 

<c + c\\ut\\H^+c\\et\\H^, 



(4.35) 



and 



\\{pedwu)t\\L2 <C + C\\ut\\m + ClMrn, (4.36) 

||((divn)2),||^e/, + ||(|S)(tx)|2),||^e/, 
<C\\Vu\\L4Vut\\L^ (4.37) 

<C + C\\ut\\H^. 

Thus, it follows directly from (|CMD - ()07|1 and (^^721h that 

[ WipOtUl-rdt < C. (4.38) 

Jo 

Similarly, we have 

T 

\\{pUt)t\\j^.,dt < C, 


which combining with ()4.38p implies ()4.23p . The proof of Lemma 14.21 is completed. 
Lemma 4.3 The following estimate holds: 

sup a {\\Vut\\l2 + WpttWh) + I (T I p\uu\^dxdt < C. (4.39) 

0<t<T Jo J 

Proof. Multiplying (|2.6p by utt^, one gets after integrating the resulting equality by 
parts that 

2J7 / (a*!^'"*!^ + (/^ + ^)(di'^^t)^) 1=^2;+ / p\utt\^dx 

= — {-- pt\ut\'^dx - ptu ■ Vn • utdx + Ptdivutdx 



+ - ptt\ut\'^dx + {ptu ■ Vu)t ■ Utdx - put ■ Vn • uttdx 
- pu ■ Vut ■ Uttdx - {Ptt - k(7 - l)AOt) diYUtdx 
+ k(7 - 1) V9t • Vdivutdx 

We estimate each term on the righthand side of (14.40p as follows: 



(4.40) 



A d 
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First, it follows from ([TSDi, (I122D, <^M), and (1TM|1 that 
pt\ut\"^dx — I ptu -Vu ■ Ufdx + I PfdiYUtdx 



dw{pu)\ut\'^dx 



+ C\\pt\\L:i\\u ■ Vu\\L2\\ut\\Lfi + C\\{pe)t\\L2\\Vut\\L2 

f (4 41) 

<C p\u\\ut\\Vut\dx + C{l + \\p^/^et\\L2 + \\pt\\L40\\L^)\\'^Ut\\L2 



<^||V.x,||i.+C7, 



2|/i| 



ptt\ut\'^dx 



<C\\pu\\L2il + \\VntU2f'\\Vutf' 



and 



\h\ 



^ ri 1/2|| ||3/2 

2(14 
<C\\pu\\l2+C\\Vut\\i,+C, 

{ptu ■ Vu)^ • utdx 



L2 



IL2 

Next, Cauchy's inequality gives 



lipuu.Vu.n, + p,u,.Vu.u, + p,u.Vu,.n,)dx 

< C\\pu\\l2\\u ■ Vu\\L3\\ut\\L6 + C\\pt\\L2\\\ut\'^\\i3\\Vu\\L6 
+ C'||/0t||L3||-u||L°° II V-Ut 11^2 ||ut 11^6 

<C\\pu\\h+C\\Vut\\l2. 



\Is\ + \U\ = \lpn,-Vn.uudx\ + \lpu.Vu,.uudx 

< C||/9^/^utt||i2 (llntlliellV-ullis + ||n||L<^||Vnt||i2) 
<^llp'/'^tt|li2+C||Vni||i,. 

Next, it follows from (|i:22|) that 

\\vPt\\L2<c\\v{pet + ept)h2 

<C7||Vp||i3||0t||i6+C||V0i||i2+C7||V0||i6||/5i||i3 

+ C7||e||L^||Vpt||i2 
<C + C||V0t||i2. 

This fact together with (falMjl and K2^ gi- 

||Pit-K(7-l)A0t||i2 

< C\\{u ■ VP)i|U2 + C||(Pdivn)i|U2 + C|||Vu||VtXi|||i2 

< C||nt||i6||VP||i3 +C||n||Loo||VPt||L2 +C||Pi||ic||Vn||i3 
+ C7||P||i^||V'Ui||i2+C||V7/||Loo||Vut||i2 

<C + Cil + \\Vu\\Loo) ||Vnt||i2 +C||V0i||i2, 



gives 



(4.42) 



(4.43) 



(4.44) 



(4.45) 
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which directly yields 



/< 



Ptt - k(7 - l)A6t) divutdx 
< \\Ptt - k(7 - l)'^^t|lL2||divut||i2 

< c + c (1 + \\vu\\l^) \\vut\\l2 + c\\vet\\l2. 



(4.46) 



Finally, it follows from (|4.45|) . (|4.22|) . and the standard L^-estimate for elliptic system 
(12:61) that 



|V^Mt||2,2 <C\\putt + Ptut + Ptu ■ Vu + put ■Vu + pu- Vut + VPi 112,2 



<C||p^/^nit 112,2 + CllptllLsllitillLe + C||pt||i,3||'a||L°°||V'u| 

+ C||Mi||2:6||VM||i3 + C\\u\\L^\\Vut\\L2 + C\\VPt\\L2 

<C + CWp'/^uuWl^ + C\\Vet\\L2 + C||Vni||i2. 
The combination of this fact with Cauchy inequality thus leads to 



L6 



k{j - 1) V9t ■ Vdivutdx 



< C\\V''ut\\L2\\Vet\\L2 

< c (i + \\p'/^uu\\l2 + \\vet\\L2 + ||Vni||i2) \\vet\\L2 

<C + ^Wp'^'nuWh + C\\Vet\\l2 + C\\Vnt\\l2. 



Substituting all the estimates (|4.42p - (!4.48p into (|4.40p gives 

/ (/i|Vntp + ip + X)idivutf - 2Iq) dx + p\utt\'^dx 



d 
di 



< C\\pu\\l2 + C(l + IIV^IIl- + \\Vut\\l2)\\Vut\\l2 + C\\V9t\\l2 + C. 
Then, differentiating ()1.6P i with respect to t shows 

Pu + ptdwu + pdivut + UfV p + u- Vpt = 0, 
which combining with ()4.22p implies 

WPuWl^ < C i\\pt\\L4"^u\\LB + \\Vut\\L2 + \\ut\\L4"^p\\L3 + W"^ Pth^) 
<C + C\\Vut\\L2. 



This fact together with (|4.30p yields 

/ WpttWhdt < C. 
Jo 



(4.47) 



(4.48) 



(4.49) 



(4.50) 



One thus deduces from ([09]l . dHID, (1322]), <SM^ (HSU), and Gronwah's 
that 



(4.51) 
inequality 



sup o-||Vnt|||2 + / cr p\utt\'^dxdt < C, 
^<t<T Jo J 



o<t<T Jo 

which together with (|4.5Up gives (|4.39p . We complete the proof of Lemma 
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Lemma 4.4 For q G (3, 6) as in Theorem \1.1[ it holds that 

sup (||p- l||^y2,9 +Cr||M||^3) 



0<t<T 



'0 
where 



+ I {M?HZ + ||V\||^,., + allVntll^,) dt < C, 

JO 



(4.52) 



Proo/. First, it follows from ^2^, (I122D, and (f09]l that 

sup o-||u||^3 + / \\u\\\-idt < C. (4.54) 

o<t<r Jo 

The standard //^-estimate for elliptic problem (j3.40p together with (j4.22p leads to 

\\vH\\H^<c\\v{pet)\\L^+c{\\v{pu.ve)u. + \\v{ped\^u)\\L2) 

+ C\\\Vu\\V^u\\\l2 + C 

<c {\\Vp\\l^ + 1) WvetU^ + c(i + \\p - i||h2)(i + \\e - i\\h^)\\u\\h2 (4.55) 

+ C\\Vu\\l4V^u\\^1^\\V'^u\\^1^ + C 

which combining with (0221), (033); (^391) . and ()i3D yields that 

/ (11^- 111^3 + ||n||^3+a||Vui|||i)dt<a (4.56) 

Jo 

Next, it follows from standard VF^'^-estimate for elliptic systems (j2.25p that 

llV^nllp^i,, <C\\u\\H^+C\\V'^d\.Yu\\L^+C\\V'^uj\\L,+C 
<C\\u\\h^ + C\\V{pu)\\L<, + C\\V\pe)\\L. + C 
<C\\u\\Hi + C\\V{pu)\\L^ + CII^vVIIl? + C\\VpVe\\L'i (4.57) 

+ c\\pv^e\\L, + c 

<C\\u\\hs + C7||V(pn)||M + C\\V^p\\l^ + C\\V'^e\\Hi + C. 



Applying operator A to (|1.6P i gives 

(Ap)t + div(uAp) + div(/9Au) + 2d\.Y{dip ■ diu) = 0. (4.58) 

Multiplying (j4.58p by g|Ap|'?^^A/9 and integrating the resulting equality over M^, we 
obtain after using ()4.22p and (|4.57p that 

{\\/\p\\l,)t <C(1 + ||V^|U^)||AH|^, + C{\\Vp\\l. + 1) ||V2n||H.i„||Ap|||,;i 

4.59 
<C(1 + 11^11^3 + ||V(/.ti)||i. + llV^^ll^i) (IIApll^, + 1) . 
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Note that (102|) and K^ give 

IIV7^ -Ml ^ r^llVT II IIV7- Il9/(3{g-2))||v7- l|2(g-3)/(3(g-2)) , ^nw • || 

< C\\Vu\\l2 + C\\Vut\\Li + C||V('u • Vu)||l9 

< C7||Vnt||z.2 +C + C||Vtx,||i;'-^)/('^)||Vt/i||^(r')/('^) (4.60) 
+ C||Vtx||£-'^)/''||n||5;r')/'' + CMloo \\VMl. 

< Ca-V2 ^ chllg-^)/^ + C7a-V2 (a||Vn,f^O'^'"'^^^''^ 
which combining with (|4.56p shows that, for pQ as in (|4.53p . 

rT 

\\V{pu)\\l°,dt<C. (4.61) 

'0 

Applying Gronwall's inequahty to ()4.59p . we obtain after using (|4.56p and (|4.6ip that 

sup ||Ap||l9 < C, 

0<t<T 

which combining with (0221), (H3i]) . (|i371) . (jMB), and (Ii36]) gives ([i32]) . We finish 
the proof of Lemma 14.41 

Lemma 4.5 For q G (3,6) as in Theorem M.li the following estimate holds 

rT 

sup a {WOtWHi + \\V^0\\l^ + \\ut\\H2 + \\u\\w3,i) + / (T^\\Vuu\\l2dt < C. (4.62) 

0<t<T JO 

Proof. First, multiplying (]2.12p by uu and integrating the resulting equality over M^, 
one gets after integration by parts that 



ld_ 
2dt 



5 

A 



/ p\uu\'^dx + / (/xlVuttP + (/^ + A)(divuit)^) dx 
4 / ulipu ■ Vulidx - / {pu)t ■ [V{ut ■ utt) + 2Vut ■ uu] dx 

5 



(4.63) 



Holder's inequality and (j4.22p give 

l-Zil < C||/>^/^ntt||^2||Vntt||^2||u||L°° 

<^\\Vnu\\h + C\\p'/'uu\\h. ^'-''^ 

It follows from (li^Ol) . (g^l, (I09I1 . and (Ii32|) that 

IJ2I < C(||pnt||L3 + ||/5iu||2,3) (||Vntt||i2||ut||i6 + ||'Uit||L6||Vnt||i2) 

< C(^ II /9^/^Ut 1 1 /a WutW/e +\\Pt\\Le\\u\\L<ij llVutt ||l2 || Vui||i2 

< ^W^uttWl^ + C\\Vut\\l2 + C 
o 

< ■3-||VUfi||^2 + Ca ' , 
o 
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(4.65) 



I^sl < C(||Ptt||L2||u||i6 + ||/3t||L2|kt||L6) l|Vn||i6||utt||i6 

<^\\^uu\\l2+C\\pu\\l2+C\\Vut\\l2, 



(4.66) 



and 



1^41 + 1^51 <C\\pUu\\L2\\Vu\\L4utt\\Le + CWiptO + pet)t\\L2\\Vuu\\L2 

<^\\^uu\\l2 + c\\p'/\u\\l2 + c\\pue\\l2 + c\\ptet\\l2 

+ C\\p'/'eu\\l2 (4.67) 

<|l|Vn«||i2 + CWp'/^ttWh + CWpttWh + C\\V9t\\l2 

+ C\\p'/%t\\l2. 



Substituting KM\i - KE7\\ into (jilMjl yields 
— / p\uu\'^dx + p / \Vutt\'^dx 

< Ca-'^/^ + cWp'/^ttWh + c\\pu\\l2 + c\\vet\\l, + C3\\p'/^eu\\l2. 



(4.68) 



Then, to estimate the last term on the righthand side of (I4.68p . we multiply ()2.9p by 
6u and integrate the resulting equality over M^ to get 



^(7 - 1) 
2R 



\vet\\l2+Ho] + j peldx 



where 



satisfies 



= \jptt i^t + 2 (n • V0 + (7 - l)^divu) Ot) dx 
+ pt{u-Ve + {-f- l)edivu)^ 9tdx 

- p{u-Ve + {-f- l)edWu)^ Ottdx 

- ^ j (A(divn)2 + 2/x|D(n)|2)^^ Otdx 

1=1 

Ho=\j PtO^dx + f pt{u-Ve + {j- l)9dwu) Otdx 
- ^^ / (A(divn)2 + 2p\^{u)\^)^etdx 

l^ol <c f p\u\\et\\v9t\dx + cWpthsWeth^ (I|V0||l2 + \\Vu\\ 



(4.69) 



L2. 



+ C\\Vu\\L3\\Vut\\L2\\9t\\Le 
<C\\p9t\\L2\\u\\L^\\Vet\\L2+C\\V9t\\L2+C\\V9t\\L4'^Ut\\L2 

< J^ l|Vf^t||i2 +0(7 , 

45 



(4.70) 



due to (HSDi, (1121), (|13nD, and KMh . Note that ()THg|) and ^^I7m yield 

ll^tlli^ <C + C||V0t||i2, (4.71) 

which as well as ()4.22p gives 

\Hi\ < CWpuWl^ {\M]!2\\9t\\%^ + \\eth^ {\\u ■ V9\\l-s + Wedivuh^)] 
<C\\V9t\\l2 + C\\pu\\h + C. 

It follows from ()i:22]) that 



One deduces from (j4:22|l and ([439]) that 

\Hi\ <C [ {\Vut\^ + \Vu\\Vuu\) \9t\dx 



vet\\l,+Ho^ +\j peldx 



2R 



< 6\\yutt\\l2 + C{5)\\VettL2 + C\\V^ut\\l2 + Ca-'^\\Vut\\l2 
+ C\\pu\\l2 + C. 



(4.72) 



II {u-Ve+ (7 - l)6'divu) J|i2 

< C7(||nt||i6||V0||i3 + ||w||Lco||V0t||i2 + ||0t||L6||Vn||i3 + ll^llLoollVntllia) (4.73) 

<C\\Vet\\L2 + C\\Vut\\L2, 

which together with (I4.22P shows 

|i:^2| + |i^3l < C{\\v6t\\v2 + \\Vut\\L2) (||pi||L3||0t|U6 + WpOuWl^) 

\ I' (4 74) 

<-j peldx + c\\vet\\l2 + cwvutWl,. 



<c(||VtXi||5^/'||Vni||^/' + ||Vtx|U3||Vntt|U2) ll^ilUe (^-^^^ 

< 5\\Vutt\\l2 + C||VV|li2 + C{5)\\Vet\\l2 + Ca-^llVntlli^. 
Substituting KT2\, . (liTTD . and K7^ into ()i:69D gives 



(4.76) 



Finally, for C3 as in dOSjl . adding K^^ multiplied by 2(C3 + 1) to (gSSD, we obtain 
after choosing 5 suitably small that 

(2(C3 + 1) {^ ^^\~^^\ \Vet\\l,+H,^+ jp\uu\^dx^ 

+ J pOldx + I y I Vuttpdx (4.77) 

< C(T-3/2 ^ c'||V0t||i2 + C||VV|li2 + Ccj-^Vut\\l2 + C\\ptt\\l2 

+ c\\py^uu\\i2. 

Multiplying (|4.77|) by a"^ and integrating the resulting inequality over (0,T), we obtain 
by using (liTTOl) . (Ii3^ . (Ii39|) . (Ii30|) . and Gronwall's inequality that 

sup ^2 / (|V0t|2 + /,|ntt|2) dx + / (7^ / (p9l + iVuttp) dxdt < C, (4.78) 

o<i<r 7 Jo J 
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which together with dOT]) . (g^SD, dlSSD, dSlD, (H37D . and (|TBg|) gives 

sup a (llVntll^i + \\V'^e\\L2 + \\V'^u\\wi,,) < C. (4.79) 

0<t<T 

We thus derive ()Tn2D from (g^SD, (BZZID; dlZZSD, and (1^321) . The proof of Lemma 
3] is completed. 



Lemma 4.6 The following estimate holds 



SUV a'^{\\V'^e\\H2 + \\et\\H2)+ t AV^0tt\\l2dt<C. (4.80) 

<t<T Jo 



Proof. Multiplying (|2.16p by 9tt and integrating the resulting equality over M^ yield 
that 

- 2 I pt{u-Ve + {-i- l)6'divn)^ 6'ttdx 
-/p(n..V. + 2n..V.. + (.-l)(Mivn).)^... 
+ ^^ /" (A(divn)2 + 2/x|D(n)p)^^ ^i^dx 



5 

A 



Holder's inequality and (j4.22p give 

AKi\ < Ca^\\p^/^eu\\L2\\Veu\\L2\\u\\Loo 

<Sa^\\Vett\\l2+C{6)aV/^eu\\l2. 

It follows from Km . K62\\ . and (|i:22D that 



+ Ca^eu\\L^ [\\vu\\L4pOtt\\L^ + \\yut\\L2\\p9t\\];,^\\ettl^ 

+ Ca4e\\L^\\peu\\L2\\Vuu\\L^ 
< da^VOuWh + C(.S)a' {WpOttWh + WVnuWh) + C{5), 
and 

< 6a4veu\\l2 + C{6)a4Vuu\\l2 + C{6). 
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(4.81) 



(4.82) 



CT^\K2\ < Ca4pu\\L2\\eu\\L6 {\\et\\Hl + ||V0||i6||n||i6 + ||Vu||i3||0||L-) 

< Ca^\\Veu\\L2 (4.83) 

<C5a4veu\\l2+C{5), 



(4.84) 



(4.85) 



For K^i, one deduces from (I^TTHI) . (I^TU^Il . and ()C^ that 

AK2.\ < Ca%t\\LA\Ott\\L^ (llVntlli^ + llV^iH^^) 

A n (4.86) 

Multiplying (I4.81J) by cr^, substituting (I4.82j) - (l4.86p into the resulting equality and 
choosing 5 suitably small lead to 



j a'piOufdx + ^^^^ct' I \Veu\'dx 



± f ^A.fa ^2^^ , '^(7-1), 
dt „ 



which together with (|4.78p gives 

sup a^ f p\eu?dx+ [ a^ l\veu\^dxdt < C. 

0<t<T J Jo J 



(4.87) 



Applying the standard L^-estimate to (^, by K73\i . (0221), dMZD, and K62h . we 
get 



(4. 



sup a ||V OtWi^ 

0<t<T 

< C sup a^ {\\p0tt\\L2 + ||Pt||L3||6't||L6 + ||pt||L6 (||V6'||i3 + ||Vu||i3)) 
0<t<T 

+ C sup a^\\Vet\\L2 + \\Vut\\L2 + \\Vu\\L4'^Ut\\L^) + C 
0<t<T 

<c. 

It follows from the standard //^-estimate of (|3.4U|) that 

||V^6'||j^2 < C (11^6*411^:^2 + \\pu ■ V0\\h2 + \\pedivu\\H2 + \\\Vu\'^\\h2) 

<C{{\\p-1\\h2 + 1) \\9t\\H2 + (IIP- 11^2 + 1) ||n||^2||V0||H2) 

+ CiWpe - 1\\h2 + 1) ||divu||j:^2 + C||VU||2^2 
<C + C||V3n||i2 + C||V30||i2 + C||0t||j:,2, 

due to ([2:23]) and K22\i . This fact as weU as (|i32]) . (|1S2D, (033), and (0:871) implies 
(|4.8U|) . The proof of Lemma 14.61 is completed. 

5 Proofs of Theorems 11.11 and 11.21 

With all the a priori estimates in Sections [3] and H] at hand, we are ready to prove 
the main results of this paper in this section. 

Proposition 5.1 For given numbers M > (not necessarily small), p > 2, assume 
that {po,uo,9o) satisfies /i2. 1]) . /i3. 5\) . and /i3.8]) . Then there exists a unique classical so- 
lution {p, n, e) of [Tel) ( fTTI ) [TTD in R3 X (0, oo) satisfying [K^)-^^ with Tq replaced 
by any T G (0,oo). Moreover, i fOI) . (E3), and ^MM) hold for any T G (0,oo). 
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Proof. First, standard local existence result, Lemma |2. 11 applies to show that the 
Cauchy problem (jl.6p (|1.4p (jl.7p with initial data {po, uo,6q) has a unique local solution 
{p,u,6), defined up to a positive Tq which may depend on inf po{x), and satisfying 

(I23D-(IMD, and inf /)o(x)/4 <p<2p. One deduces from (I3l])-(l33]) that 

^i(0)<M, ^2(0) < Co < Co^^ ^3(0) = ^4(0) = 0, po</>. 
Then there exists a Ti E (0, Tq] such that (|3.6p holds for T = Ti. We set 



T* = sup < T 
and 



sup \\{p-1,u,0-1)\\h3 <oo} , (5.1) 

te[o,T] I 



T, = supjT < T* I daSl) holds}. (5.2) 

Then T* > T* > Ti > 0. We claim that 

n = 00. (5.3) 

Otherwise, T* < 00. Proposition 13.11 implies that ()3.7p holds for all < T < T*, which 
together with (|3.8p yields Lemmas I4.1H4.6I still hold for all < T < T^ . Note here 
that all constants C in Lemmas I4.1fl4.6l depend on T* and inf po(x), and are in fact 

independent of T. 

Next, we claim that there exists a positive constant C which may depend on T* and 
inf po(x) such that, for all < T < T*, 

sup 11/3- 1\\h3 < C, C5 4A 

0<i<T ^ ■ ^ 

which together with Lemmas l4.4H4.6l and (j3.5p gives 

||(p(x,r*) - l,ti(x,r*),6'(x,r*) - l)||/^3 < C, inf pix,T^) > 0. 

xeK3 

This fact as well as Lemma [2.11 implies that there exists some T** > T^,, such that ()3.6p 
holds for T = T**, which contradicts (15. 2p . Hence, we obtain ()5.3p which together with 
Lemma |2 . 1 1 finishes the proof of Proposition 15.11 

Finally, it remains to prove ()5.4p . It follows from p.Sp . ()1.6p 9. and (j2.2p that we can 
define 

tij(-, 0) = -no • Vuq + Pq^ (pAuo + (/i + A)Vdivuo - RV{po0o)) , 

which together with (|2.ip gives 

\\Vut{;0)h2<C. (5.5) 

It thus fohows from ^M), ([53]), (031]), dMU, (0221), (03]), and Gronwall's inequality 
that 



sup ||Vnt||i2 + / I p\uu\^dxdt<C, (5.6) 

<t<T JO J 
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which as well as (|TM|) and (|i?^ yields 



sup ||^i||/f3 < C. (5.7) 

0<t<T 

This combining with (gSSD, ([OT]) . ([^ . and (|i:^ gives 

/ (l|V=^0||i2 + ||Vnt||^O'^*<C'. (5.8) 

JO 

Applying the if^-estimate to elliptic systems (12.250 leads to 

\\V'^u\\h2 < C'||Vdivn||j;^2 + C'||Va;||j:^2 

<C\\pu\\h2+C\\VP\\h2 (5.9) 

<C + C||vV||l2 + C\\V^p\\l2 + C\\V^9\\l2, 

where one has used (j4.22p and the following simple facts: 

\\put\\H^ < C\\{p - l)'"tlb2 + CWutWn^ 

< C\\p - l\\H4n\\m + C\\V^ut\\L2 + C 
<C + C\\V\t\\L2, 

\\pU • \7u\\fj2 < C (||(p — l)u||j:/2 + ||u||//2) ||Vu||//2 

< C\\p-1\\h2\\u\\h2 +C 
and 

\\VHpe)\\L2 <C\\V^ph2\\9\\L^+C\\V^ph4V9\\L:^ 

+ c\\vp\\L^\\v^ehe + c\\v^eh2 
<c\\v^ph2 + c\\v^eh2, 

due to (I2:23]l . K22\i . ([52]), (i09]l . and I^Ji). Standard calculations lead to 

(iivViiiO, 

< CdllV^llVHIlL^ + lllV^nllvVlIlL^ + |||Vn||vVl||LO HV^IIl^ 
+ C\\V\\\l2\\V^p\\l2 

< C {\\V\\\l2\\Vp\\h2 + ||V2u||i3||VVllL6 + I|Vu||l^ IIvVIIlO I|vVIIl2 

+ (7 (1 + ||V\f 11^2 + ||VV||l2 + I|V^0||l2) ||VV||i2 

< C + CllVVll^a + C\\V^p\\l2 + CllV^^ll^a, 

due to (|i:22]l . ([5771) . and ([52]). It thus follows from (ISJOll . (ISrSjl . and Gronwall's in- 
equality that 

sup ||VV||l2 < (5, (5.11) 

0<t<T 

which together with ()4.22p gives (j5.4p . The proof of Proposition 15.11 is completed. 

With Proposition 15.11 at hand, we are now in a position to prove our main results, 
Theorems 11.11 and 11.21 
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Proof of Theorem \1.1[ Let (poi^O)^o) satisfying (|1.9|) ~ (|1.12|) be initial data as de- 
scribed in Theorem 11.11 Assume that Cq satisfies ()1.13p . where 

e = eo/2, (5.12) 

with eo as in Proposition 13.11 For constants 

6,7] £ (0, min{l, p - sup poix)}), (5.13) 

we define 

Po = ^ ^ ^ ^ u^'=Js*uo, ^0 = ^ ^ ^ ^ (5-14) 

where j^ is the standard molhfying kernel of width 6. Then, (pq^,Uq^ ,6q^) satisfies 



J'V 1 ,,S,V oS,V 



oo 



(pr-l,nr,C-l)e^ 

'n ^ S,'q ^ P + V ^ - nS,V ^ ^ I ITT '5-'? 1 1 ^A# (^•^^) 



and 



U + ^ ~ 1 + ?? /0 + 7? 



r / II '5i»7 II I II S,ri II I iia<5,^ a II 



5+7,^0 V " " / (5.16) 

J|V(po'''4''''^o'')IIhi < ||V(po,^io,6'o)||//i, ||v4'''||vKi>9 < W^PoWw^'i, 

due to (|1.9p and (|1.10|) . Moreover, the initial norm Cq^ for {pq^ ,Uq^ ,9q^), i.e., the 
right hand side of (jl.Sp with {pQ,uo,9o) replaced by {pq^,Uq^,6q'^), satisfies 

lim lim Cn'^ = Cn. 

Therefore, there exists an rjQ G (0, min{l,/j— sup po{x)}) such that, for any rj E (0,r/o), 
we can find some do{r]) > such that 

Co''' <Co + eo/2 < £0, (5.17) 

provided that 

0<V<Vo, 0<6< 6o{ri). (5.18) 

We assume that 6, rj satisfy (|5.18p . Proposition 15.11 together with (j5.17p and (j5.15p 
thus yields that there exists a smooth solution {p^^'^ ,u^^'^ ,6^'^!) of ([L6D dLlD dLZD with 

initial data (Po'''>'"o'''^o''') ^^ ^^ ^ [O'^l ^^ ah T > 0. Moreover, ^^ and ([SSD both 
hold with {p,u,9) being replaced by {p^''^ , u^''^ , 6^'^) . 

Next, for the initial data {p^^ ,Uq^ ,6q^), the gi in ()4.ip in fact is 



h = {p'o')-'" {-P^4" -{P + A)Vdiv4''' + RVip'^'^e'^^) 

= {p'o'^r'^'Us * Po)'/'9i + (Po'")"'/' fc * iVP~09i) - Vl^^ogi 



(5.19) 
+ Rip^^'^r^/^V {js * (poeo) - (1 + vr\j5 * Po){js * Oo)) 

+ Rri{l + r^)-\p^^)-'I^V{p^^ + e'^\ 
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where in the second equality we have used (|1.11|) . Similarly, the §2 in (|4.2|) is 
= {Po''r^'\J5 * Pof'^92 + (4'")"'^' (i<5 * iVP~^92) - Vh^092) 



KPo'T^'^ Us * iidivuof) - {divijs * uo)f) , 



f (Po'")"'/' Us * (iV^o + (V^o)*f ) - |V(j5 * no) + (V(j, * no))'f ) 



(5.20) 



due to prr^ . Since 51,52 G ^^ one deduces from (^^IM . d^TIU^ . dSlSD, dSlSD, and 
(|1.9p that there exists some positive constant C independent of 6 and t] such that 

f||5i||L2<(l + r?)i/2||^,||^, + C7?-i/2^,(5) + C^, 

lll52||L2<(l + r?)i/2||52|U2+C7r?-i/2^2(<5), ^' ^ 

with < mj((^) — )• (i = 1, 2) as (5 — t- 0. Hence, for any < r/ < r/o, there exists some 
< 6i{ri) < 6o{ri) such that 

mi{6)+m2{6) <rj, (5.22) 

for any < S < 6i{rj). We thus obtain from (j5.2ip and (j5.22p that there exists some 
positive constant C independent of 6 and rj such that 

II5i||l2 + ||52||l2 < 2\\gi\\L2 + 2||52||l2 + C, (5.23) 

provided that 

0<r/<r/o, 0<(5<5i(r/). (5.24) 

Now, we assume that rj, 6 satisfy (j5.24p . It thus follows from (I5.17p . Proposition 
EH Corollary ESI (l5J6]) . (K23h . and Lemmas HIHl]!] that for any T > 0, there exists 
some positive constant C independent of 5 and r] such that ()3.9p . ()3.6p . ()3.102p . ()4.22p . 
(023]), ([i32]l . gSlD, and ^^Mh hold for (/''', n^''', 6I'''''). Then passing to the limit first 
5 — )• 0, then ry — )• 0, together with standard arguments yields that there exists a solution 
(p, n, 6*) of ([rn]) ([Ll]) ([LTl) on M^ x (0, T] for aU T > 0, such that (p, n, 9) satisfies ([32]), 
dMD, (I3J02]1 . g22D, (1123]), (H32]) . (|i:B2]) and I^M)- Hence, (yO,n,6') satisfies (fTTi]) . 
(inSJs, (frT5]l .. and 

p-1 GL°°(0,T;/72nVF2'9), (n,e-l) G L°°(0,T;i72)_ (535) 

Moreover, (|i38]l holds in V'{R^ x (0,r)). 

Next, to finish the existence part of Theorem II. H it remains to prove 

p-leC{[0,T];H^nW^'''), u, e-l£C{[0,T];H^). (5.26) 

It follows from (j4:22l) and (f05]l that 

p - 1 G C([0, T]; /7I n iy^'~) n (7([0, T];H^r\ W^'" -weak), (5.27) 

and for all r G [2, 6), 

n, e-le C([0, T]; //^ n ly^'''). (5.28) 

Since (I4.58P holds in V{W^ x (0, T)) for all T G (0, oo), one derives from |16[ Lemma 
2.3] that, for ju{x) being the standard mollifying kernel of width z/, p'^ = p* ju satisfies 

{Ap'')t + div('uA/) = -div(pAu) * j^ - 2dw{dip ■ diu) * j^ + R^, (5.29) 
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where R^y satisfies 



/ \\R4f^^,dt<C [ \\u\\%l^\\Ap\\f^^,dt<C, (5.30) 

Jo Jo 

due to (113]), (HSU), and (|i32D . Multiplying dOOl) by g|A/)'"|'?"2^/)'", we obtain after 
integration by parts that 

(l|Ap1li,)'(t) 

= {l-q) I lA/l^divudx - q f (divipAu) * j^)\Ap''\'^-^Ap''dx 

- 2q l\d\N{d^p-d.iu)*jy)\Ap''\'i-'^Ap''dx + q f R^\Ap''\'^-'^Ap^dx, 

which together with (022]), (032]), and (fHrSgi) yields that, for po as in (033]), 

rT 



sup ||A/||l.+ / |(||ApniL)'(i)r°d* 

te[o,r] JO 

JO 



This fact combining with the Ascoli-Arzela theorem thus leads to 
\\Ap''i;t)\\L. ^ \\Api;t)\\L. in C([0,T]), asiy^ 0+. 

In particular, we have 

||VV(-,t)||L. GC([0,r]). (5.31) 

Similarly, one can obtain that 

\\V'p{;t)\\L^eC{[0,T]). (5.32) 

Therefore, the continuity of V^p in L^ {p = 2,q), i.e., 

V'^peC{[0,T];L'^r\L'^), (5.33) 

follows directly from (l5:27l) . (lOTI) . and ([532]) • 
It follows from (0:22]) and (103]) that 

pni,p^iGC([0,r];L2), (5.34) 

which together with (|il3]) . ([OT]) . ([OH]) , and ([03]) gives 

nGC([0,r];/72). (5.35) 

This fact combining with ([OO]) . ([Oi]l . (lOHD . (lOHD . and (0O]l leads to 

6 -leCiiO, T];H^), 

which as well as ([07]) . (1533]) . and ([535D leads to ([06D . 

Finally, since the proof of the uniqueness of (p, u, 6) is similar to that of [4, Theorem 
1] , to finish the proof of Theorem II. 1^ it remains to prove (I1.16P . We will only show 

lim \\Vu\\l2 = 0, (5.36) 

t— ^oo 
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since the other terms in (|1.16|) fohow directly from (|1.27p . It fohows from (|3.1U2p and 
(13:61) that 



\Vn\\l,nt)\dt 



djU^djuldx 



dt 



ka_ „,n 



dju'dj{u' -u''dku^)dx 



dt 



ka_„,i 



{2dju'djv} - 2djv}djU^dku' + |Vnpdivn)(ix 



dt 
dt 



/CO 
{\\Vu\\l2\\Vu\\i^2 + llVullls) dt 

/oo 
{\\Vu\\l2 + \\Vu\\l2 + \\Vu\\l^)dt 



<C, 



which together with ()3.6p imphes ()5.36p . We finish the proof of Theorem ll.li 
Proof of Theorem M.Si We wih prove Theorem 11.21 in three steps. 
Step 1. Construction of approximate solutions. Let (poj^c^o) satisfying (jl.lOp be 
initial data as described in Theorem II. 2[ Assume that Cq satisfies (I1.22P with e as in 
()5.12p . Let 5 and rj be as in ()5.13p and js be the standard mollifier. We define 



.&,r, A J5* PO + V ^5,r, a • qS,^ a 35 * (/^O^o) + ^ 
Pq = r— , tto =J5*W0, Oq 



1 + r? 
Then, {p^^ ,u^^ ,6^^) satisfies 



35* Po + r] 



(5.37) 



o'5.^ 



-5,7) a5,V 



l + r] "^ l + T] " p + T] 

due to (fTTO]) . Moreover, it follows from (fTTO]) and ([02]) that 



(5.38) 



^5,ri 



-5,r) 



^5,r]n5,ri 



(5.39) 



lim lim ||pg''' - po\\l2 + H-Uq - ^oll^i + WPq^q - Po^oWl^ = 0. 

We claim that the initial norm Cq''' for (pq^ ,Uq^,6q^), i.e., the right hand side of (jl.8 
with (pq,uo,6o) replaced by {pq^,i1q^,9q^), satisfies 



lim lim Cr,'^ < Cn, 
v^o 5^0 ^ 



(5.40) 



which yields that there exists an r} > such that, for any -q E (0,17), there exists some 
5{r]) > such that 

Co'" < Co + £0/2 < eo, (5.41) 

provided 

0<r/<r}, 0<(5< 6{r]). (5.42) 
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We assume that S,rj always satisfy (j5.42p . Proposition 15.11 as well as (|5.38|) and (j5.4ip 
thus yields that there exists a smooth solution {p '^ ,u '^,6 ''^) of (jl.6p (jl.4p ()1.7p with 
initial data (4'''>^*o''' ^o'') '^^ ^^ ^ [O'^l ^^^ aU T > 0. Moreover, for any T > 0, 
(p'5''', n'5''', e^'"^) satisfies ([22]), dSSD, and (pITU2|l with (p, n, 6*) replaced by (p^''', u^''', ^'^''^). 

It remains to prove (j5.40p . In fact, we only have to show 

hm lim / 4''' f ^0 '' - log ^0 '' -Adx< I Po (^o - log Oq - 1) dx, (5.43) 

r]~>0 5— s-0 J \ J J 

since the other terms in (j5.40p can be proved in a similar and even simpler way. Noticing 
that 



p-'^C'-logC-l 

= pl'^'ief,''' - 1)2 r ^^^ da 

° ° Jo a{e'^''' - 1) + 1 

iJS * (poOo - Po)f [^ a ^^ 



1 + ^ Jo o^iJs * (Po^o) - js * Po) + Js * Po + V 

G [0, V~HJ5 * {poOo - Po)?] , 

we deduce from ()5.39p and Lebesgue's dominated convergence theorem that 



frnJpl'''[ei''-loge',^-l)dx 



Po + ri ( poOo + V 1 PoOo + V i, , 
log 1 ax 



1 + ^Vpo + ^ Po + 'n 

[ 



(1 + ,)-' [ (poOo -PO- ipo + ,) log ^^) dx (5-44) 

, /I , ^-l /" / , ^fPoOo + Tl , Po^o + r] ,\ , 

+ (1 + r/) W (po + ??) log l]dx 

J(i/2<poeo<2) \ Po + r] Po + V J 



'(l/2<po9o<2) 
^(l+7?)-l/l + (l+7?)-l/2, 

where we have used the following simple fact that, for f & LP{1 < p < oo) 

lim \\js *f- f\\Lp = 0, lim J5 * f{x) = f{x), a.e. x G M^. 
5->0 (5— >-0 

It follows from (fT^ that 

|(po^o<l/2)U(/>o0o>2)| 

< 4 f{po9o - l)^dx 

< ^ jipoOo - Po)^dx + 8 /(po - l)^dx 
<C, 
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which combining with Lebesgue's dominated convergence theorem yields 



h= {pqOq - Po log(po^o + v) -V log(po6'o + v)) dx 

i{poeo<i/2)u{poeo>2) 



+ / {{po + v) log(/5o + v) - Po) dx 

'(poeo<l/2)U{po6»o>2) 



< / (Podo - Po log(po6'o) - r] log r/) dx (5.45) 

J{po9o<l/2)U{poeo>2) 

+ / (po log(po + r]) + r] log(po + r]) - po) dx 

J(poeo<i/2)u{poeo>2) 

— )• / Po (^0 — log ^0 — 1) dx, as r/ — )• 0. 

J{poeo<l/2)U{po9o>2) 

Noticing that 

f , UpoOo + V 1 Po^o + V .\ 

[po + V) : log : 1 

\ Po + V Po + V ) 

= (poOq - Pof / -^—7, r- : — da 

Jo a{PoOo - Po) + Po + V 

G [o, 2 (po^o - Po)'] , 
provided pqOq > 1/2, we deduce from Lebesgue's dominated convergence theorem that 

lim h = po {Oo - log 9o - 1) dx, 

'^^O J{l/2<poeo<2) 

which together with (I5.44P and (]5.45p gives (j5.43p . 

Step 2. Compactness results. For the approximate solutions {p '^ ,u '^ ,6 ''^') obtained 
in the previous step, we will pass to the limit first 5 — )• 0, then r/ — )• and apply ()3.6p and 
(|3.102p to obtain the global existence of weak solutions. Since the two steps are similar, 
we will only sketch the arguments for (5—7-0. Thus, we fix r/ G (0, fj) and simply denote 
[pS,v^uS,vjs,7j^^ by {p\u\e^). For R G (0,oo), let Br{xo) = {x G R^\\x - xo\ < R} 
denote a ball centered at xq G M^ with radius R. We claim that there exists some 
appropriate subsequence (5j — )• of (5 — )• such that, for any < r < T < oo and 
< i? < oo, we have 



'e^^-l^e-1 weakly in L'^{0,T; H^(R^)), 
u^J -- u weakly star in L°°{0,T;H^( 



(5.46) 

f /. _ 1 ^ p _ 1 in C([0, T]; L2(R3)-weak), 
\pS,_i^p_l in C{[0,T];H-HBr{0))), 

' p^^u^^ -^ pu, p^^{9^^ - 1) ^ p{0 - 1) in C([0,r];L2(M3)-weak), 
yju^j^pu in C{[0,T]- H-^B niO))), 

p^j\u^j\'^ ^ p\u\^ in C7([0,r];L3-weak), (5.49) 



and 



'u^^ -^ u, G^i -^ G, Ji -^ uj, Ve^^ -^ Ve in G{[T,T];H^{M?')-we3k), 
u^^ ^u, G^J ^G, J^ ^u, V9^^ ^Ve in G{[t,T];L'^{Br{0))). 
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(5.50) 



We thus write p.l|) in the weak forms for the approximate solutions {p ,u ,9 ), then 
let 6 = 5j and take appropriate limits. Standard arguments as well as (j5.46p ~ (|5.50p 
thus yield that the limit (p, u, 9) is a weak solution of (jl.ip (II. 4|) (II. 5p in the sense 
of Definition 11.11 and satisfies (jl.23p - (jl.26p except p — 1 E C([0, oo),L^) which in fact 
can be obtained by similar arguments leading to (j5.33p . In addition, the estimates 
(fL28]) - (fL30]) follows direct from ([SJD, (|3l02]) . ([MD, and (|5:i6]) - (l530]) . 

It remains to prove (J5.47p - (j5.50p since (|5.46p is a direct consequence of (j3.6p . It 
follows from ([SJ]), dSD, and ([HDi that 



<a 



sup llftllH-1 
ie[0,oo) 



which as well as (13. 6p . [161 Lemma C.l], and the Aubin-Lions lemma yields that there 
exists a subsequence of 5j — )• 0, still denoted by 5j, such that (j5.47p holds. Moreover, 
one deduces from (I3.102P that (extract a subsequence) 



/^ - 1 ^ p - 1, Vu^^ -^ Vu weakly in ^^(M^ 
with p — 1 and Vu satisfying 



X (l,oo)). 



/oo 
(l|p-l|li4 + ||Vn||i4)(it<C. 



(5.51) 



Then, simple calculations together with (13. 6p yield that, for any < T < oo, there 
exists some C{T) independent of 5 and 77 such that 



5n&\ 



\\{P U )t||L2(o,T;ff-i(R3)) + ||(p 9 )i||L2(0,T;J?-i(]R3)) < C'(^) 



(5.52) 



which together with ([MD, (lOTj) . and (lOel) gives ([SlIHD . 

Next, to prove (j5.49p . one deduces from (j3.6p and (|1.6P i that, for any (^ e H^ 



/"div(pV)|u'^|2cdx + 2 f p^u^ -uiCdx 

p^u^ ■ V{\u^\'^C)dx + 2 /pV • {ii^ - u^ ■ Vu^)Cdx 

<C f p^\u^\^\VC\dx + C f p^\u^\'^\Vu^\\C\dx + C f p^\u^\\u^\\C\dx 
< Cllniie II VC||i2 + Cll^iis II Vnii. IICIIls + Cllni^B II (p^)i/ V||^. llCll^a 
<c(||Vnii. + ||(p^)VV||i.)||C||Hi, 
which together with (j3.6p gives 

/ ll(pV^l')tll?/-i^i < C^- (5.53) 

Jo 

It follows from (13.61) that 



sup ||p'^|w''P||LinL3 < C, 
te[o,oo) 
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which combining with ([^35]) . (fOSj) . and ([05|) yields ([EM]). 

Finally, we prove (I5.50|) which implies the strong limits of u and 6 . We deduce from 
dMD, <!^rm . (I532D . and (I3J02D that 

sup {\\u^\\m + f^^llG^Hi + (^"^W^^Wm + (^"^W^S^Wm) < C, (5.54) 

tG[0,oo) 

and 

/ (^ll^tllL2{M3) + ll'^tll//-i{R3) + ll'^tllH-i(R3) + ll^ill//i{R3)j dt < C{t,T), (5.55) 

for all < r < r < oo. The Aubin-Lions lemma together with (|5.54p and (|5.55p thus 
gives (|5.50p . 

Step 3. Proofs of 17371) and (7^. We first prove that {p,u,e) satisfies (fOT]l . We 



rewrite the energy equation ([LBjs in the form 
R 



7-1 



{{pe)t + div(pu0)) - kM 



Gdivii — i?divu + 2^div(n • Vn — udivn) H — \lij\ . 



(5.56) 



Thus, for any ip G P(M'^ x (0, oo)), we have 



.&Q^ /,„ , „,<5 



/6I'' U^t + -u" • V(/j dxdt - K / / V6I'' • Vifdxdt 



1-'^ Jo 

/"CO /" /"OD /* 

= - / / G^divuV(^2;di + i? / / divu^ipdxdt (5.57) 

+ 2;u / /" (u^ • Vu"^ - u^divu'^) • V99(ixdt - - f f \uj^\'^(pdxdt. 

Letting 5 = 5j in (|5.57p and taking appropriate limits, we thus deduce from (j5.47p . 
I^M), §M), and (f530D that 



R 



/ p6{ipt + u- Vip) dxdt - K V0 ■ Vifdxdt 



7-1 

= — / / Gdivuipdxdt + iZ / / divuipdxdt 

-\-2fj, {u ' Vn — wdivn) • Vifdxdt — — I \^\ ^d^dt 

/"OO /" /"OO /" 

= - / / (Adivn - P)dwuipdxdt - 2/i / / \1) {u)\'^ ipdxdt 
+ 2^1 I I (dku'^di{u^(f)—div{uip)divujdxdt 

/■oo p 

Pdivwpdxdt- / / {X{divuf + 2p\T){u)\'^)(pdxdt, 



(5.58) 



./ JO 
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where in the last equahty, we have used the following simple fact that, for standard 
mollifier juix), 



+ 



<C 



dkU^di{u ip) — div{uip)divuj dxdt 
9fc(ti* — ti* * 3u)di \u^f) dxdt 

dk{u^ * ju)di{u if) — div{uip)divuj dxdt 
dk{u^ — u* * ju)di{u If) + diY{uip)div{u * jy — u) ) dxdt 
\V{u(p)\\V{u — u* ju)\dxdt ^ Q, as z^ — )■ 



due to ([L29]). We thus derive (fL3T]l directly from ([538]) . ^Wt) . and (fOT]) . 

Finally, to finish the proof of Theorem II. 2| it remains to prove (jl.27p . Since {p,u) 
satisfies (ll.lSp . for the standard mollifier jy[x){v > 0), p'^ = p* ji, satisfies 



p^ +div {up") = r^, 
p''ix,t = 0) = po*ji,, 



where r^y satisfies, for any T > 0, 



lim / ||rj,||?2dt = 0, 



(5.59) 



(5.60) 



due to dSJ]), ([32]), and [16i Lemma 2.3]. Multiplying ([5391) by 4(p'' - 1)^, we obtain 
after integration by parts that, for t > 1, 



ip'-mW 



= -4 [{p'' - ifdivudx -3 [{p" - l)^divndx + 4 f r^ip" - ifdx 
< CWp" - 111^4 + C||Vn||^4 + C\\r,\\L2, 
which implies that, for all 1 < TV < s < TV + 1 < i < iV + 2, 

fN+2 

||/o^(-,t) - l|li4 <\\p''{;s) - l||i4 + C / dip- - l\\l + ||V^||i4) dt 

Jn 

rN+2 
+ C* / ||r,^||i2dt. 

Jn 

Letting z^ -> 0+ in ([5^2]) together with (|530]l and (fOHl) yields that 

fN+2 

\\pi;t) - 1||4, <||p(.,s) - 1||4, + c / (Up - 1||4, + ||Vn||i4) dt. 

Jn 



(5.61) 



(5.62) 



(5.63) 



Integrating ()5.63p with respect to s over [N, A^ + 1] leads to 

r-Af+2 
IL4 



sup 

te[Af+l,Af+2] 



•,t)-i|li4<c 



i-N+2 

/ (||p-l||i4 + ||Vn||i4)dt 

JN 



(5.64) 



0, as A^ — )• oo. 
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due to (l^3T]l . This together with I^TTM and I^T7M imphes that, for ah p G (2,oo), 

hm / \p-l\Pdx = 0. (5.65) 

t— >oo J 



Finally, we will prove 



lim {\\u\\L, + \\Ve\\L2) = 0, 



t—^oo 



(5.66) 



which combining with ()5.65p . ()1.26p . ()1.28p - ()1.30p . and the Gagliardo-Nirenberg in- 
equality thus gives ()1.27p . In fact, one deduces from ()1.28p - (ll.30p that 



\u\\l4 + \\V9\\l2)dt 



/CO /"OO 

\\u\\L2\\Vu\\l2dt+ / W'^ewlidt 



(5.67) 



<c, 



^(IK.i)lliO 



dt 



dt = 4 



\u\ u ■ utdx 



dt 



/OO 
||n||Loo||n||^4||^tt||L2dt 



(5.68) 



and 



^(IW->*)lliO 



dt 



<a 



dt = 2 



Ve • VOfdx 



dt 



<c \\ve\\L2\\vet\\L2dt 
< c. 



(5.69) 



Thus, we derive (I5.66P easily from (I5.67p ~ ()5.69p . The proof of Theorem 11.21 is finished. 
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